




Recommended by the Calcutta Unioeisily as a text book 
for B.A, and B Sc. Examinations (Pass and Honours) 


HIGHER TRIGONOMETRY 


BY 

B. C. DAS, M. Sc. 

PBOPEssoR or AiArnEMAncs, PHI sidency collIiGE, 

C\LCUTIH (RETD ) : 

VLUIUBFR 1\ APPLU D MA PHEMATICS, CArjCLlTA LNIVIRSIli 

AND 

B. N. MUKHERJEE, M. A. 

Premchand Roychand Scholar 

PH 01 rssOR 01 MA THEM \ TICS, 

SCOniSH CUUBCII COLLI or, CALCUTTA 


U. DHUR & SONS, PRIVATE LTD. 

' booksel;-ers & publishers 

15. BANItJM CHATTERJEE STREET. CALCUTTA 12 



J^uhHshed by 

DWiaENDBANATH DHUR, B.E#. 
l*'or TJ. N. imUR Sc SONS, PRIVATE LTD., 
15, I3cirikini Chatlorjeo St., C<i.lcutta 12 


Prxntcfi hy 
TRIOIBESII JDASXJ, 

Tub K. P. Baso Pto-. Works, 

11, Moliondra CrOSbtin Liane, Calcutta D 



PREFACE 


book IS pi'e])ared with a \iew to bo used as a 
* text-book for tlio lb A. and H. Si . students (Pass and 
llounurs) of the Indian Fnneisities. We have tried to 
make the exposition dear and toncise wifbont j*oini* into 
nnneiesbiM details \t tlie same tinio an attempt has been 
made to make the tieatnicid iiM>ions and up-to-daio. 

The re< ent i hanijes in tho TriLonomctiy syllabus ot the 
Gakntta rjniveisity requiio an elemental notion of the 
1 onveri^enre of the senes used , so a i bapter on the 
ion\er^en(o ol the sene-*, iiirticiilail^ with rolerenco to 
its aiiplieation to Trif^onomefrical series, has been added as 
an \ppendix 

Important fornnile and results of elemt,ntar^ Trii^ono- 
metr>, as also ot tins hook, are ‘<iven m tlie ho^mninit for 
readv lofeicnre. A f^ood number of t\i>*(.al oxanqile has 
been worked' out In way of illustrations. 

Examples for exorc ise ha\o been selected \er> carefullv 
and include man^, which have been set in the I’ass and 
Honours examinations of ^lifTeieiifc Universities. Universil y 
questions of recent \ears have been added at the end to ^tive 
the students an idea of the standard of fhe exammtions. 

Corrections ainl siigfrestions will be thankfully received. 

Calcutta, 1 
June, 1933. / 


B. C. D. 
B. N. M. 
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PREFACE 


PEEFAOE TO THE THIED EDITION 

This edition is practically a reprint of the second edition ; 
only a few alterations have been made here and there. 
Our thanks are due to Prof. B. B. Mandal, M. Sc. of 
Scottish Church College, Prof. 6. D. Bhar, M. Sc. of 
Presidency College and Prof. B. N. Pal, M, A. of St. 
Xavier’s College and others, for their valuable criticisms 
and helpful suggestions in the revision of the text for the 
third edition. 

Calcutta, 1 B. C. D. 

August, 1938. J B. N. M. 

PEEFACE TO THE SIXTH EDITION 

This edition differs very little from its previous edition ; 
only an alternative method for finding the distance between 
the circum-centre and in-centre has been given at the end 
of Art. 36 and a tew article on circum-radius, in-radius and 
area of a regular polygon has been added in the Chapter Y. 
A few new types of examples have been added here and 
there especially in Chapters VIII and X, and the set of 
Miscellaneous Examples II has been shifted to the end of 
Chapter XII with some added examples. 

Calcutta, \ B. C. D. 

June, 1944. J B. N. M. 
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TRIGONOMETRY SYLLABUS 


for B. A. and B. Sc. Examinationa 
of 

CALCUTTA UNIVERSITY 
Pass Course 

1. Sub-multiplo angles. 

2. Properties of triangles. 

3. Inverse ciroular functions. 

4. Summation of finite series and infinite series. 

5. Elementary notion of the convergence of series as applied to 
the exponential series, the logarithmic series and the sine series. 

6. De Hoivre*s Theorem. 

7. Exponential values of sine and cosine. 

8. Expansions of sin 0 and cos 6 in powers of 0, 

Honours Course 

In addition to a fuller treatment of the Pass Course, the following — 

9. Expansion of Bin”9, cos*^, sin n&, cos n0, 

10. Hyperbolic functions. 

11. Expansion in series. 

12. Besolution of circular and hyperbolic functions into factors. 

Abbreviations used in this book 

1. 0. P. means questions set in the B. A. and B. Sc. Pas^ 

Examinations of tjbe GMUtta University. 

2. 0. H. moans questions |set in the B. A. and B. So. Honours 

Examinations of the Calcutta University. 

3. P. P. means questions set in the B. A. and B. So. Pass 

Examinations of the Patna University. 

4. 0. M. moans questions set in the M. A. and M. So. Exami- 

nations of the Calcutta University. 



IMPORTANT FORMULAS AND RESULTS 
FORMULAE OF ELEMENTARY TRIGONOMETRY 


1. A radian “57® 17' 44*fi” nearly. 

2 right angles == 180® = n radians. 

7* = V 3*1416 approximately. 

Badian measure of an angle at the centre of a circle 

^ subtend life arc 
radius 


II. sin’*d + coa®d = l , 
sec®6 = 1 + tan®6 , 
cosec®6 -l + oot®6, 


sin 

o'= 

0, 

cos 0® = 1 , 

tan 0® ■■ 

0. 

sin 

30* 

1 

“ 2 ’ 

QA® 

cos 30 “ „ , 

A 

tan 30'- 

sin 

45“ 

1 

cos 45'- ^ 2 - 

tan 46' -1. 

sin 

60' 

„ n/3. 

2' ’ 

cos 60'- 2 , 

tan CO® = 

= ^ V5. 

sin 

90' 

= 1; 

cos 90* =0 , 

tan 90® = 


sin 

180' 

’=0, 

cos 180'- -1 , 

tan 180®' 

-0. 

sin 

16' 

^ Js~l 
“ 2Va 

- .« iJS + ! 
; cos 15 = 2^2 

^ ; tan 15®“ 

= 2- Vs. 

sin 

18' = 

= i(N/6- 




sin 

( - 6) “ - sin 6 

1 ; cos ( - e) “■ cos 

eMn{-B)== 

-tan 0 

sin 

(90' 

- 6) “ cos 

9; sin (90* + 9)- 

006 0, 
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COS (90^ - O) = sin 0 ; 
tan (90® - 0) cot 0 , 
sin (180® - 0) = sin 6 ; 
cos (180® - O) - cos 6 ; 
tan (180* “ 6) = - tan d ; 


cos (90® + 0) = - sin $. 
tan (90® + 0 ) « - cot 6. 
sin (180® + O) = - sin 6. 
cos (180® + 6)== - cos 0 
tan (180® + 0 ) = tan 0. 


sin 

all 

pos%Uve 

po8%tive 

tan 

COB 




sin (A -hB) = sin A cos B + cos A sin B 
sin (A-J^) — sin A cos B - cos A sin B 
cos (A+B) — cos A cos B - sin A sin B 
cos {A—B) — cos A cos B + sin A sin B, 
j. / j A + tan B 

' ' 1 - tan A tan B 


tan (A - B) 


tan A - tan B 
1 + tan A tan B 


tan (A + B + C) 


B ton A + tan B + t an C — tan A tan B tan C ^ 
1 — tan B tan G — tan C tan A - tan A tan B 
VI. 2 sin A cos B = sin (4 + J5) + sin (A - B) 

2 cos A sin B = sin (A+B)^ sin (A — B) 

2 cos A cos B =* cos (A + B) + cos (A - JB) 

2 sin sin 5 = cos (4 -- 5) - cos (A + 5). 

sin C + sin D = 2 sin ^ cos ^ 2 ^ 

• • r. ft • 0+^D O^D 

sin 0 - sin D = 2 sm — ^ cos — ^ — 

cos C + cos 2> — 2 cos cos 

»s C - cos *= 2 sin — sin 
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VIII. sin 2A-2 sin A cos A 

cos 2A = cos^A - sin^il = 1 - 2 sin®4 = 2 cos^A 
. ^ . 2 tan A 


tan 2A 


l-tan ^-4 


. ^ . 2 tan A / „ . l~tan* 

sin 2il = ^ . ^ 2 cos 2yl=“ , , , t! 


sin 15/L = T . 2 A * co^ 

1 + tan M 
1 - cos 2i4 “ 2 sin 
1 +COS 2A = 2 cos®4J 

^ 2 a 1 "" ^03 2A 


l + ta,n^j 


tsLn^A = 


1 + cos 2A 


IX. sin 3il ” 3 sm a 1 - 1 sin^i#-, 

cos SA = 4: co3^A - 3 cos A ; 

' . oA 3 tan a 4 — tan®A4 

tan Oil f o A ^ A * 
1-3 tan il 


0 0 

sm 0^2 sin ^ cos ^ » 
COS 0 “ cos - - Sin 2 
= 1-2 sin^ ? • 


’2 COB® o “ ^ 


l-tan® I 

S ^ 

1 - cos d = 2 sin® » 1 + COS 0 = 2 cos* } 
2 2 

XL If sin 6 = sin a, then 6 = + ( - 1)’* a. 

If cos d = cos a, then B = 2nn ± o. 

If tan d = tan a, then ^ = + a. 

XII. sin^^a? 


tan“^a? + cot‘^aj— j 
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see" ar + coaec" a:= ^ 
tan" + tan " — tan" ^ 

1 -xy 

tan"^izj“tan“^ 2 / = tan"^ 

l + fljy 

tan"^ir + tan“^2/ + tan"^.:; = tan"^ xyz ^ 

1 -yz- - xy 

XIII. loga "inn = loga 'in + loga n 


loga ^ “ logo m - logo n 

loga Wl” n logo w 
logo 'in = logb m X logo b 
log 1=0, logo a^l. 

XIV. -r^“ = 

Sin A sin B sin G 


cos A' 




cos O* 


26 c 

„ c® + a® - I 
cos B- o ( 
2 ra I 

>-■ cb b c 
cos u= - -U~, 

2ab 

a — b cos O + 0 cos JB. 

6 = c cos A + a cos C. 
c = a cos B + b cos A. 

A As-b)(s-c) 
®'“ 2 V bo 

„.„A /s(a-o) 

2 V &c 



IMPORTANT FORMULA AND RESULTS 


Xlll 


sin -4 = ^ N/s(s-a)(s-6)(s-c)= 

sin B = J >/s(s - fl)(s - b'is -c) = 

cct ca 

sin ^ n/ ““ c) = 

FORMULiE OF HIGHER TRIGONOMETRY 

XV. A = ibo sin A = ^ca sin B = iab sin G 

= Js{s’-a)(s‘- b)(s- c), 2s = a + h + c. 

2 sin il 2 sin H ^ sin 0 4 A 

r = ^ = 4i2 sin iA sin iB sin i6' 
s 

^{s- a) tan iA *■ etc. 

ri « 4 jB sin Jil cos cos JC 

s - a 

= stani.4. 

tq “ - iE cos iA sin iB cos iC 
s - 0 

“ s tan i JB. 

r 3 = ^ =" 4i2 cos cos iB sin iC 

sc , 

=s tan iO. 

XVI. Area of a cyclic quadrilateral 

- \/{s-a){s-b)(s-c){s'-d), 2s-a + b + c + d. 
Area of any quadrilateral 

= [(s - a)(s - bXs - c)(s - d) - abed cos^a]^ 
where a = i(A + 0), 

XVIL (cos 0±i sin 6)’Vcos ?i0±z sin n$, 

XVIIL sin nS-^Oi cos sin cos^"®d sin®d + ■ 



xiv 
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COS ?i0“co8^0-”c2 cos sm^0+ 

4. n n tan 0 - ’*^c, tan®d + ••• 
tan tan*d + % tan"e^- 

tan (a, + a, + - + a„) ■= I I .W 

where Sr denotes the sum of the products of tan a^, tan 02 ,..* 
tan an, taken r at a time. 

XIX. 8ina=a-|^ + f,- 

31 51 

1 a* a* 

cos« = l-2, + ^,- CO 

tan a = a + 4- i^a* + 

vv • «**-^’*^ + 

AA. Sin a; “= ^ * cos x— ^ 

2^ 2 

= cos a; + ^ sin a? ; c”**® = cos x-i sin x. 

XXI. Log (a + 10) = log,, ^/a® + i {2nn + S), 

£% 

where cos 9 = sin 9 - + 

XXIL tan“^ic = cr-Ja!;® + i®*-"* to oo, -l<a?< +1. 

0 = tan d-i tan®d4*y tan®© - •••oo ^ - Jjj <©< + i». 

XXni. sin a + sin (a + /©) + sin (a + 2i5) + ••• to w terms 
. wP 

sin ^ r n 1 

sing 

. n diff 

2 . first angle + last angle 

“ . diff ' ■ 2‘“ 
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XV 


COS a + 008 (a + j3) + cos (a + SjS) + ••• to n terms 

. nS 
sm 


sin n 


008 |a + ” 2~isJ 


n diff 


sin 


2 first angle + last angle 
. diflf 2 


Sin 


2 


XXIV. sinh x = W " «■"') : cosh x = Ke* + e'*) 

e® = cosh X + sinh x ; e~* = cosh x - sinh x 

sin ix = i sinh x 

cos ix = cosh X 

tan ix = 1 tanh x 

cosh^rc-sinh^jj-l 

sech^jr + tanh^a;*= 1 

coth^flj - coseoh^a; — 1. 

XXV. a-"*” - 2aV* cos nS + 

« //jcc® -2aa; cos + a*| 

- 2flj” cos + 1 

= 7J I *“ 2a; cos + 1| 

a;” - 1 * (a?® ”■ l) 11 (a;* - 2a; cos + 1) {n even^ 
a;*‘-l = (a;-l)^(a;*-2a;cos~+l) (nodd) 

r=i ' ' 

a;“+ 1= jj (a;® +2a; cos~ — :^+ {neven) 
r=i' n I 

aj^ + l^Cff + l) rj (a;® ‘-2a; cos^^^« + l\ (nodd) 
rsTO ' » ^ 
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XXVI. 

- 

xxvn. 9tah«-«(i+S)(i+5f%)(i+,-;3) to . 




IMPORTANT RESULTS 


{i) Lt (l+ ^ )“ = e = 2‘71828... 

n->oo \ nf 


(li) + ® + ~ 

r® 

(iii) a* — ® ~ 1 + a? loge ^*^21 + to «» 

(iv) log (1 + a?) = a; - \x^ + ix^ + 

(v) log (1 - a;) = - a? - ix^ - ix^ - ix* - 

(yi) + = l + + + + 

2. It A + B + C^^n, then 

(i) sin A + sin B + sin 0 •= 4 cos iA cos JB cos iC 

(ii) cos A + cos B + cos C *= 1 + 4 sin iA sin iB sin iC 
(lii) tan A + tan B + tan C = tan A tan B tan C 

(iv) sin 2A + sin 2B + sin 20 * 4 sin A sin B sin O 

(v) cos 2 A + cos 2B + cos 20 - - 4 cos A cos B cos 0-1 

(vi) cos*i4 + co 8*B + cos®0 + 2pjf»os A cos B cos 0*1 

(vii) cot B cot 0 + cot O feot A + cot A cot B * 1. 

„ sinO_^ . tan ^ , 


8. Lt ^ 
M B 


1 ; Lt cos 6^1 ; Lt 
^-►0 ^-►o 0 


4. Area of a circle * «r*. 
Perimeter of a circle * 2nr. 
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» i X ' i ' ^ 

CHAPTER I 

TRIGONOMETRICAL EQUATIONS AND 
GENERAL VALUES 

1. It is known from elementary trigonometry that 
there are infinitely many angled the trigonometrical ratios 
of which have a given value. Thus, the sine of each of the 
angles 30®, 150*, 390*, 510® etc. is equal to i. It is very 
convenient for the solution of trigonometrical equations as 
also for other purposes to obtain a general expression in 
a compact form embracing all angles the trigonometrical 
ratios of which have a given value. 

2. General expression of all angles, one of whose 
trigonometrical ratios is zero. 

If the sine of an angle be zero, from definition, the 
length of the perpendicular from any point on one of the 
arms upon the other is zero, so that the two arms must 
be in the same straight line. Evidently, therefore, such 
angles must be some multiple of n, odd or even. 

Thus if sin then 

n being zero, or any integer, odd or even, positive or 
negative. 

When the cosine of an angle is zero, the projection of 
any length along one arm upon the other is zero, and so 
the two arms must be at right angles to one another. The 

angle must therefore be evidently either ox differ 
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from these by complete revolutions ; in other words, the 
angle may be any odd multiple of ~ ■ 

Thus if COB then ©"(Sn+l) j » 

n being zero, or any integer, odd or even, positive or 
negative. 

Again if tan 6^0, then its numerator sin 0 is also zero, 
and so 6“ ns*. 

Similarly if cot then cos 0*0, 
and so 6*(2n+l) 


Note. Goseo 0 or seo 0 can never be zero, for they can never be 
numerically less than unity. 

3. General expression of angles having the same 
sine (or cosecant)^ 

Let a be any angle such that its sine is equal to a given 
quantity k numerically > 1 ; for fixing up the idea, and for 
the sake of convenience, in practice the smallest positive 
angle having for its sine the given quantity k is generally 
taken as a. Let B be any other angle whose sine is equal 
to k. 

Then sin B = sin a, or sin 3 - sin a = 0, 
or, 2 sin i(fi - a) cos i(a + a) = 0. 
either sin - a) »= 0, 

i.e., 4(6 - a) = any multiple oin=^mn ••*(!) 

or else, cos 4(6 + a) - 0, 

i.e., 4(6 + a) = any odd multiple of ^ - (2w + 1) | (2) 

From (l), 6 - a = 2»»«, B = a+2mn, (3) 

Erom(2), 6 + a“(2wi + l);i, 6- -a + (2m + l)?i (4) 



EQUATIONS AND GENERAL VALUES 3 

Combining (3) and (4), S = ( - l)”a + nn^ ••• (6) 

where n is zero, or any integer, positive or negative, odd 
or even. 

If cosec 0 = cosec a, then sin 0»sin a ; hence all angles 
having the same cosecant* as that of a are also given by 
the expression (5). 

Thus, all angles having the same sine or cosecant as that 
of a are given by 

n3r4-(-l)"a 

n being zero, or any integer, positive or negative, odd or even. 

c 

4. General expression of angles having the same 
cosine (or secant). 

Let a be the smallest positive angle such that its cosine 
is equal to a given quantity k numerically > 1 ; and let B 
be any other angle whoso cosine is equal to k. 

Then, cos B = cos a, or, cos a - cos 3=0. 


2 sin + a) sin i(3 - a) = 0. 

. either sin i(3 + a) = 0, 

i.e., i(3 + a) = any multiple of w = wti, •••(!) 
or else, sin i{B - a) = 0, 

i.e., i(3 - a) = any multiple of’ n = nn. • • • (2) 

From (1), 3 + a = 2nn, or, 3 = 2nn - a. ••• (3) 

From (2), 3 — a = 2nn, or, 3 = 2nn + a. • • • (4) 

From (3) and (4), we have 3 — 2nw± a, ••• (6) * 


where n is zero, or any integer, positive or negative. 

It is also evident as ih the previous case that all angles 
having the same secant as that of a are also included in 
the expression (6). 
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Hence, all angles having the same cosine or secant as 
that of a are given by 

inx±a 

n being zero^ or any integer^ positive or negative, odd or even. 

Note. As in Art. 0, instead of taking the smallest positive angle, 
we might take a to be any one angle having for its cosine the given 
quantity 7t, The general value of 0 satisfying cos $ » cos a as obtained 
above would not be affected at all. 


5. General expression of all angles having the same 
tangent (or cotangent). 


Let a be the smallest positive angle sucli that its tangent 
is equal to a given quantity k ; and let 6 be any other angle 
whose tangent is equal to k. 


Then, tand*=tana, 


or, 


sin_d _ sin_a ^ q 
cos d cos a ’ 


sin Q 008 a - cos 0 sin a r. 

or — * 0, 

cos d cos a 
sin (0 - o) 


sin(^-a) = 0, 
i.e . , 6 - a = any multiple of ;i = nn. 


or, ^ ' =0 

cos d cos a 


0 = a + nn. 


( 1 ) 


The factor ^ cannot be zero, for cosine of an 

cos S cos a 

angle cannot have an infinitely large value. 


It is also evident as in the previous cases that all angles 
having the same cotangent as tbirt‘ of a are given by the 
expression (l). 


Hence, all angles having the same tangent or cotangent 
as that of a are given by 

n^+a 

n being zero, or any integer, positive or negative, odd or even. 
Note. The remark b^ow Art. 4 is applicable here also. 
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6. Special eases. 

From Art. 8, considering both the cases when n is odd 
or even, it may be easily seen that, 

if sin 6-l = sin 6-2ni^+ | -(401+1)1 » 
and if sin G- -l=sin(“ | j» G-2m5r- j 
or, -(4k+3)^* 

where 7 ;j, or Jc{ - m - 1) is isero, or any integer, positive or 
negative. c 

Similarly from Art. 4, it may be seen that 
if cos 6-1, 6 - 2m;r, 

and if cos 6— -1, 6 — (2m+l)3r, 

m being zero, or any integer, odd or even. 

These are the usual forms in which the above special 
cases are used in practice. 

7, Ex. 1, Solve cos 0 — stn0^ ^ 2 * 

IMultiplying both sides of the equation by wo have 

tf+'-2nir±g- 

Note. Extraneous solutions. 

In general, the same trigonometrical equation may be solved 
by different methods, and the forms of result we arrive at, though 
apparently different in some oases, are ultimately equivalent. In 
some cases, however, we*‘may solve a trigonometrioal equation by 
methods leading to solutions which include in addition to the correct 
solutions, some extraneous solutions which do not satisfy the given 


OOs(«+')=OOSg- 

ir 7r 

S = 2nir+-rt» or, 2nir-^' 
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equation. The given equation which is of the type a cos B+h am $^c 
is an example. We proceed to demonstrate it as follows : 


Here cos ^ ~ 

.’. cos*®- cos d+i*sm®dssl-co3*^, 
whence 2 cos*^- ^/2 cos 

cos«= n/3 


7» 


4 2^2 12 ’"-^* 12 - 
0=*2nir+xV»‘t or, 2nfr±j^ir. 

But it can be easily seen on substitution that 

and 2nv+^^ do not satisfy the given equation. The 
error in the method lies in squaring the equation as we have done, 

for the squared equation includes the equation cos 0 — sm $ 

%.e., COB ^ + sin which the solutions are 2nir-yV»' 

2wir+']^5'T. 


Equations of this type are therefore best solved as in Ex. 8, below, 
and not by squaring. 

Thus, wh%Ie solving any trigonometr%cdl equation, %t %s always 
advisable to verify the roots obtained, for thereby extraneous roots, if 
any, can be easily detected. 


Ex. 2. Solve 2 sm^x+sin^2x-2, [ C, P. 1931, '37 ] 

The given equation can be written as 

2(l-sin*a;)-8in*2®«0, or, 2 cos*a;-4 sin^o; oos^a;»0, 
or, 2 cos*aj (1— 2 Bin®a;)*0, or, cos’oi cos 2a;«0. 

either cos i,e., a;«(2rt+l) 
or, cos2a;»0, i.e., 2®“(2w+l) 

««(2n+l)|» 
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Ex. 8. Solve a cos $+b sin 6+c«0, ( c > ija*+b^ ). 

Put a»r cos a, b^r sin a, choosing the smallest positive value of a, 
and keeping r positive. 

Then r- .nd sin and cos 

The signs of a and b will determine the quadrant in which a lies, 
and a and b being given, r and a are definitely known. 

The equation now becomes, r cos (8-o)= -c, 

or, cos (« - a) « - ■= cos /3 say, 

where /3 is the smallest angle whose^osine is - ^ ® 

being known, jS is also known. 

Then, «-a=2nir±i3, or, 8=«2nir+o±|3. 

Note. Ex. 1 above is a particular case of this equation which is 
of a more general form. 

Ex, 4. If $ and 0 satisfy the equation 

stw 8 + sm 0 ** (s/3(co 5 0 - cos B)t 

then will sin Z9+sm 30=0, [ 0. P. 2985 ; 0. H. 2984, »82, ] 

Dividing both sides by 2 and transposing, we get 

1 *23 1 

2 sin 5+ ~ cos 5= ^ oos 0- ^ sin 0. 

. • . cos (5 - 4ir) = cos (0+ 4ir). 

5— jT«»2n»+(0+4ir). 

.*. 85— Jir=6nir±3(0+iT). 

.•. oos (35-iT} = cos (30 +}t). 

.*. sin 85+ sin 30=0. 

Ex. 6. If sin (ir cot «) = cos (ir tan ®), show that either oosec 2a; or 
cot 2a; is of the form n+i, where n is any integer, positive or negative, 
sin (t cot a!)aoos (t tan a;)=sin (Jr-r tan a;), 
r oot e=kr+(-l)*(}r-«' tan x ) ; 
when k is even, =2n, ^ 

oota;+tan a;=2n+} 
and when k is odd, <«>2n+l, 

oot « - tan a; - (2n + 1) - J = fin + J. 




EXAMPLES I 

1. Solve the following equations : 

(i) (a) 1 + cos 0 “ 2 cos*6. [ G. P. 1938, ] 

(b) 3 sin 0 + 2 cos*0 = 0. [ C. P, 1932, ] 

(c) cos^a; - cos x sin x - sin^a? = 1, 

(ii) tan®a; + cot®aj = 2. 

(iii) tan 0 + tan 20 = tan 30. [ 0, P. 1946, ] 

(iv) cos a: - sin a; = J2, [ G, P, 1940, ] 

(v) 4 sin 4a; + l= J5, 

(vi) cos®a? sin 3aj + sin*® cos 3x = i, 

(vii) cos 3® + cos 2® + cos ® = 0. [ G, P, 1939, ] 

(viii) cos 3® + sin 3® = cos ® + sin x, 

(ix) tan ® + tan (® + i«) + tan (® + f w) = 3. 

(x) sin ® + sin 2® + sin 3® + sin 4® = 0. 

(xi) sin ??i0 + 8in 7i0 = O. [ G, P. 1936, ] 

(xii) sin m0 + cos w0 = 0. 

(xiii) sin 20 sec 40 + co|i 20 ■■ cos 60, [ G, P, 1984, ] 

(xiv) sec {Jkjt + ®) + sec (in - ®) ■= 2 iv/2. 

(xv) coseo 4a - cosec 4® = cot 4a ^ cot 4®. 

(xvi) 2(8m 2® + sin 2y) = 1 = 2 sin (® + y), 

(xvii) 2 sin (0 - sin (0 + « L C 0. B. 1987. ] 
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2 . Find all the angles between 0 and which satisfy 
the equations 

(i) 4 cos*® - 2 ^/2 cos ® - 1 « 0. [ 0. P. 1930, ] 

(ii) cos 2® - cos ® + J ~ 0. 

S. Find the roots common to the equations 
2 sin*a; + sin*2fl;-»2 
and sin 2x + cos 2a? = tan x, 

4. If sin X + sin*a; ** 1, find sin x ; and show that 

co3*a? + cos^a? = l. 

5. Verify that the trigonemetrical equation, 


1 

cos ® 

cos*® 

1 

cos a 

cos*a 

1 

- cos a 

cos®a 


leads to the final solution ® = w;»±a, where n is zero or an 
integer. 

6. Solve : 

(i) sin i(n + 1)® + sin \{n - 1)® = sin ®. [ G, P, 1936, ] 

(ii) tan x cot (a? + a) = tan p cot (jJ + a). 

(iii) cos (a? - a) cos (a: - fc) = sin a sin 6 + cos x cos c. 

(iv) cos (a? - a) cos (a? - b) cos (a? - c) 

= sin a sin b sin o sin a; + cos a cps b cos o cos x, 
L Expand the cosines and divide by cos a cosh cos c cos*x. ] 

7. Solve for x and y the equations 

sin a? + sin y + sin a * cos x + cos y + cos a, 
aj + y =5 2a. 

8. If tan a, tan tftn ? are the roots of the equation 

a?®-(a + l)a?* +(6-a)aJ-6-0, prove that 

a + P^y^nn + in, [ 0. H, 1939. ] 
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9. If Xx, X 2 tXs, x^ are the roots of 
tan (x + = 3 tan 3x 

no two of which have equal tangents, then 

tan Xx + tan Xq + tan x^ + tan x^ = 0. 
[ Express the equation as a hiquadraiic in tan x ] 

10. Solve for x the equation, 


1 

cos X 

0 

0 

cos X 

1 

COB a 

cos fi 

0 

cos a 

1 

cos Y 

0 

cos p 

cos y 

1 


[ Multiphfing the first column by cos x and subtracting it from the 
second^ reduce the order of determinant by one and then proceed. ] 

Solve ( Ex, 11 to 14) 

11. (i) COB*® cos®y + sin®fl; sin®i/ = l 

(ii) cot ® - cot 2 ^ =* 2, 2 sin ® sin y = 1. 

12. COB X + COS y = cos z, 
cos 2® + cos 2|/ = COS 2z, 
cos 3® + cos 3i^ » cos Zz, 

13. cos 2® + cos 2 (® - a) + cos 2 (® - 6) + cos 2 (® - c) 

4 cos a cos h cos c, 

\,^cosa cosb cos c^cos (a+t+c)+cos (— a+6+c) 

eo 5 (a - 6+ c)+ cos (c+ 6 - c). ] 

U. [O.P.194.2A 

\sin 4»l tan ^ 

16. Show that the equation sin ® (sin ®+cos ®)»a has 
real solutions if and only if a is » real number lying between 
i(i- ->/a)^ndi(i+ M 



OHAPTEB II 


SUBMULTIPLE ANGLES 


8. From the usual formula for multiple angles, namely 
sin 2A = 2 sin A cos A 

cos 2A “ cos^-4 - sin^4 = 2 cos^A -1 = 1-2 sin®4 
1 + cos 2il = 2 cos^il, 1 ^ cos 24 ■■ 2 sin*4 


tan 24 > 


2 tan 4 
1 - tan“4 


sin 34 * 3 sin 4 - 4 sin®4 

cos 34 = 4 cos®4 - 3 cos 4 

, o. 3tan4-tan®4 
tan 34“ ^ ox — ~ 

1-3 tan 4 


putting A-iO and iO respectively, we derive the following 
formulas for submultiple angles 

sin 6 - 2 sin ^6 cos ^6 

COB 6- cos^i© - sin^^d - 2 - 1 ■■ 1 2 sin^i^ 

1 + COS6-2 cos* 1- cos ©-2 sin* I 

^ 2tanie 

sin 0«8 sini0-4 giii*iO 
cog e«4 cog* cog 
8tau lg*tan*Aa 


tan 


1-8 tan* 19 
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0. Values of sin id and cos id in terms of cos $. 

0 0 

From 1 -cos d — 2 am® ^ 1 + cos 6 = 2 cos®^* 

at once deduce 

sin iG- ± /^ift-cosG) 
cos JG- ± is/id+cos G). 

10. Ambiguity of signs explained. 

When cos 6 is given and not 6 , 6 and consequently ie 
has a series of values. If a be the smallest positive value 
of 6 for the given value of cos 6, the general value of 6 is 
2nn±a, n being any integer. Thus for different values of n, 
J6 may lie in any of two possible quadrants deiiending 
on the value of a, and sin and cos i6 will then have 
corresponding signs. 

If the quadrant in which iB lies be known, for example 
when 6 is given along with cos 6, there is no ambiguity in 
choosing the proper signs of cos iS and sin id, as shown in 
the following example. 

Ex. 1. Fmd sm SSJ® and cos 22J®. 

sin 32J*= + Vi(l-oos 46*)- \/ 1 (l “ ^ 2 ) “ 2 

008 aaj— + Vid^^oos 46*)- V J ( 1 + ja) “ I 

11. Value of sin ie and cob id in terms of sin G. 

We know that sin 6 = 2 sin cos iB 
and 1 » COB® i6 + sin® i6. 

Therefore, 1 + sin 6 = (<fos iB + sin 46 )® 
and 1 - sin 6 - (60s 46 - sin 46)®. 

Hence, cos 46 + sin 4® “ ± ^/^+^sin 6 
COS 46 -sin *46“ ± ^/l-Bin6. 
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Thus, cosiG- ±i^/l+8i^l G±i#yi“8iii G 

and 8iiiiG- Jl^sin S^i 0. 

12. Amhiquity of stqm explained. 

As before, when sin B is ^iven and not B, B has a series 
of values given by nn + (- i)”a, where a is the smallest 
positive value of B for the given value of sin B ; iB will there- 
fore have values lying in different quadrants, cos iB + sin 4® 
“ a/ 2 sin (i;* + 4(9) and cos \B - sin 4® = \/2 cos (in + 4^) will 
have their signs determined accordingly. 

If in addition to the given value of sin 3, of the four 
quadrants determined by 2nn;j^in, (2w + 4)^±i?*» (2w + l)« 
±in and (2» + 4)w±i;r, that in which 4^ specifically lies be 
given, there is no ambiguity in choosing the signs of cos 4® 
+ sin iB and cos 4® “ sin 4®. Thus, sin 43 and cos 43 will 
be definitely known. 

Ex. 2. Find sm 15” and cos 15”. 

We have, cos 15”+Bin 15®= + ^l + sin ^0®= a/ 1 + J 
cos 15®— sin 15*= + j^l — Bin 30®*= \/l“4’ 

[ cos 15® -sm 15®= ^/3 sm (Jw— 16®) and is clearly positive ] 

Thus, 008 15" = i ( + ^/i) = -02^ 

13. sin ^ 6 and cos p 9 in terms of cos 6 , 

We have, 2 cos 43 * 2 is/4(l + oo8 3) ** n/ 2 + 2 cos 3. 

Similarly, 2 cos ^^3 - J2’\"2 cos 43 “ n/2 i- ^/2+^ cos 3. 

2 o08 28®“-^2 + 2co8 2i®“ >/2T ^ + '^ 2 + 2 tob 0, 


and so on. 
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In the same way^ 

2 cos 2«0 - ^2 + 2 cosgj^ff 

= \/2+ V2+ ^/2+-”+ V 2+2 COS d 

n square root signs being involved, 

2 sin 2» 9 * 2^ I (^ ~ 2“"“ ®) 

=-Ay2-2cos^» 

“ «y2- v^2+ ^^2+ ,,/2 + "-+ V 2 + 2 C 0 T 9 

n square root signs being involved. 


Cor. cos Jw=i ^2+ ^/2 ; cos J /72+ ^2+ n/ 2 
cos Air« J ^2+ ^2+ ^/2 ; etc. 

sin iir= i J2^ ^/2 ; sin tV"'=4 ^2- ^ 2+ ^y2 
sin V2- ^/2+ ^2+ ;;72 ; etc. 


14. tan id in terms of tan 6. 

From the formula, tan ^ ^ 

1- tan 40 

f . 0 ., from tan B, tan* + 2 tan iB - tan 6 = 0, 


we ea«iily deduce 



"~1± ^/l^tan*6 
tan 0 


The reason of the ambiguity is similar to those in tht 
previous cafes. 
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15. Ratios of is from those of 9. 

By solving the cubic equation 

sin S -3 sin Jd- 4 sin® is ••• (l) 

we get sin iS, if sin B be known. 

Now, a cubic equation has three roots ; we therefore 
get three possible values of sin iS. The reason may be 
explained as follows. 

All angles, for which sin B is given, are included in the 
general formula wji + ( - l)”S, n being any integer ^.s., ^mn + B 
and (2wi + 1)71-0, where m is any integer. The values of 
sin iO derived from (l) therelbre, will include values of 
sin i (2w7i + 0) and sin i {(2w + 1)7* - 0} for all integral values 
of m. Now 9», when divided by 3, will leave remainders 
0, 1 or 2. As any multiple of 27i, added or subtracted, will 
not alter the sine of an angle, sin i (2 w7j + O) will have 
three distinct values, viz. sin 40, sin J (27i + O), sin i (47 j + 0). 
Similarly, sin i {(2wi + 1)71 - 0} will have three distinct values, 
viz, sin i (71 - 0), sin i (Sti - O), sin i {5n - O). Now, sin i (ti - O) 
— sin {ti - i (7* - 0)} “ sin i (2^ + O) ; sin J (3:* O) =» sin iB ; 
sin i (6:* — 0) « sin {Sw - i (47» + O)} * sin i (47* + O). 

Thus, sin i {nn + ( - 1)”0} for different integral values of 
n has only three distinct values, viz. sin iO, Sm i (27* + 0)» 
sin i (in + 0) which are obtained as solutions of (l). 

ObB. The choice of the partioalar yalue from these three depends 
on the oiicumstances of any particulai case and on the relatiye 
magnitudes and signs of the three wdues. As an example, if we want 
to find sin lO** from sin 80**, as the three roots of the corresponding 
equation, we shall get values of sin 10*, sin 180**, sin 250*. Now 
sin 250* is negative and sin IBO* (»8in 50*), though positive, is greater 
than sin 10*. Thus the least posildve solution is to be sheeted in 
this ease. 
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Solving, as above, the cubic equations 

cos 0 = 4 cos® Jd-S cos id 

. 3 tan - tan® id 
1-3 tan“ ^0 


and 


tan 0 ' 



we derive values of cos id from that of cos 0, and of tan J0 
from that of tan 0 respectively. 

Discussing as beiore, it may be shown that tlie three 
roots of (2) are the values of cos J0, cos i (27i + 0), cos i(4;i + 0) 
and those of (3) are the \alues of tan i0, tan i{n + d\ 
tan i (2:* + O). 


16. Ratios of IS"* and 36^ 

Let 0 = 18“ ; then 20 = 90“ - 30. 

sin 20 = cos 30, or 2 sin 0 cos 0 = cos 0 (4 cos ‘^0 - 3). 
As cos 0 G.C., cos 18“) is not zero, we liave 
2 sin 0 = 4 cos^0 -3 = 1-4 bin®0, 
or, 4 sin‘^0 + 2 sin 0 - 1 = 0. 

-2± x/4 + 16„(± n/')"!) 


sin0* 


8 


Now, as 0 hero is a positive acute angle, therefore reject- 
ing the negative value, we got 

sin 18“-i(V5-l). 

COB 18'- + ^/l-sln'*■la•-i(^/^0+2"^/6). 

COB 36" - 1 - 2 Bin* 18* - i ( ^/6 + 1). 

Bin 36° - 7l - cos* 36" - 1 ( n/iO -2 >/6). 

Note. Since 54^ and 36° are complementary and 72° and 18° are 
complementary, from the above values^we easily get the trigonometrical 
ratios of 54° and 72°. 
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17. Ratiog of 8* and multiples of 8”. 

8m S" = sin (18* - IS*) = sin 18* cos 15* - cos 18* sin 16* 

= A(V6-1)(>/S+ ^/2)-4(^/5-l)(^/8+^) 

on substituting the values of sin 18*, cos 16* etc. 

Similarly, 

cos 3* = i( + 1)( s/6+' JB) + iV( - <M( v'S - 1). 

Erom a knowledge of the ratios of 3*, 16*, 18*, 30*, 36° 
and 45^, we can deduce the ratios for all angles which are 
multiples of 3®. (for, 6® = 36^-80“; 9* = 45® -36®; 12® = 
30® - 18® , 21® = 36® - 15® ; etc.). For angles greater than 45®, 
the ratios may be deduced from Sbose of their complements 
which are less than 45®. 

Ex. 8. Prove that 

tan a tan (ix 4- a) tan (§x + o) = — tan 8a. 

In the relation tan 3a = ^ ^ ta^^*^ 

tjjp — ju* 

we get, tan 

or, aj* - Saj* tan 3a - 3a;+ tan 8a = 0, 

Let ail I aiai be the three roots of this oubic equation. It at once 
follows from Art. 15 that a;i = tan a, ajj«=tan (Jx+a), (fx+a). 

Also, it IS known from the Theory of Equations that XiX^Xt » - tan 8a ; 
hence the required result foUows. 

Ex. 4. Show that 


9Wt,X XXX 

— = C05 jCOSgiCOSg,** 

We have, sin a;« 2 sin ^ 0 cos | os ; 


sin^a^^Q sin cos ; 

sin ^=2 sin cos 
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Similarly, sin 2 sin g„a cos — x. 

Hence sin 2* cos g a cos cos g, x cos g„® sin g,. a. 

When n is indefinitely large, is indefinitely small and hence 
in the limit, sin g^a gn®. 


„ sin X X X X 

Hence, ■■ cos „ cos 57 cos „ ^ 

« .1 4ii^ a ^ A A 

. N«e. This is known as Eider' a Product. 


EXAMPLES U 


\ \ Determine the limits between which A must lie in 

oi^ider ^hat 


d) 2sm4« >/l+sin2il- N/I-sin2i4. 
-(li) 2 cos 4 - - Vl + sin2il+ ^/l~sin2-4. 


2. Prove that 

(i) tan J6- v3+ j2-2. 

(ii) tan 142i* = 2+ n/2- ^/3- ^6. 

3. Prove that 


cos iA , sin iA . 

/TiL"'- + /n • ^“secil, 

vl + siuii vl~sm4 

provided A lies between (in - i)n and (in + i);i, the positive 
sign of the radicals being taken. 



If il = 240*, is the following statement correct ? 
2 sin ^4= ^/l + sin4'“ Vl-sinil. 


If not, how must it be modified ? 
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^ Prove that the four values of ^ ^ ? are 

cot ix, tan \{n 4* a?), - tan \x, - cot + x), 

6 . If tan a be given and tan ia be found in terms of it, 
prove that there will be two values of tan ia reciprocals in 
magnitude and opposite in sign. 


7. If tan 


Vl; 


^ tan ? * show that 
e 2 


cos <^-= 


cos O-p ^ 
1"~ e coS* d 


8. Prove that 

cos Q + cos* g + cos* -Q + cos "g “ 2 ’ 
(ii) tan 6° tan 42* tan 66* tan 78* == 1. 
v(r.i)8m 8,n itjSm^g-g^g- 

(iv) tan a + tan (Jti + a) + tan {^n + a) -= 3 tan 3a. 


9. Prove that one root of the equation 

8x^ + 4a;® - 6a;® - 2a; + i = 0 is sin 

lo 

10. If sin a + sin ^ " a and cos a + cos ff — b, find the 
value of tan i(a - p). 

11. If a + jS + y *= iTi, show that 

(1 - tan ia)(l - tan i/5)(l - tan iy) 

(1 + tan ia)(l + tan i/9Xl + tan iy) 

^ sin a + sin fi + sin y 
cos o + cos + cos y 
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12. If ® “■ 2 ^^ 2 ^* prove that 

2’* cos 0 cos 20 cos 2®0......cos = 

Show that 

2 )(l ■ " *^“*2^ 

[ P. H. 193S ] 

y^) =■ (l + 860 29)(l + sec 2®9)(l + sec 2®6)'” 

tan a 

•••(1 + sec 2^0). 

[ Use tan 0 (1+s^c 2d) = tan 26. ] 

^ Vcos^+V “ ® ~ 

X (2 cos 2^0 - 1) (2 cos 2^“^0 - l). 

[ Use (2 cos 0 + 1)(2 cos 0 — 1) = 2 cos 20 + 1. ] 

14, Show that 

?! « ^ 2 . ^/ 2 + n / 2 ^ n /2 + V 2 + ^/2 

7* 2 * 2 ’ 2 

C Put x^ir %n Euler's product and use Art. 13. ] 


*Kaown as Vieta's expression for w. 



CHAPTER III 


INVERSE CIRCULAR FUNCTIONS 

18. The equation sin 6 = a? means that 6 is an angle 
whose sine is a*. It is often convenient to express this 
statement inversely by writing 0 sin-^a*. Tims the symbol 
sin”^® denotes an angle whose sine is ®. Hence sin”^® is 
an angle whereas sin B is a number. The two relations 
sin0 = .r and 0 = sin''^® are identical; if one is given, the 
other follows. The symbol siH“^® is usually read as ^^sine 
inverse x” or **sinc minus one x*\ 

Note, sin'^cc must not be confused with (sin x)“^ ^ • 

19. We know that if 6 be the least positive angle whoso 
sine is equal to ®, then all the angles given by + ( - 1)^ B 
have their sine equal to ®. Hence, sin“^® has got an 
infinite number of values, and as such, sin“^® is a multiple- 
valued functiofi. 

Hence the qcneral value of .sm”^®»=w;i + (“ 1)” sin"^® 
where on the right-hand side, sin"^® stands for any parti- 
cular angle whose sine is ®. 

Similarly the neneral value of 
cos”^® = 2nn ± cos”^® 

and of tan“^® = + tan"^®. 

The smallest numerical value, either positive or negative 
of B, where sin 0 = ®, is called the principal value of sin*"^®. 
Thus, the principal value of sin"" ^4 is 30*. If corresponding 
to the same inverse function, there are two angles as found 
above, one positive and the other negative, it is customary 
to take the positive angle as the principal value ; thus 
the principal value of cos" ^4 is 60* and not -60*, although 
cos ( - 60®j s= 4. 
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In all numerical examples, the principal value is generally 
taken. 

cos‘'^a;, tan'^ar, cosec“^aj, sec“^a;, cot"^a; have similar 
significance and properties as of sin'^a; mentioned above. 
These expressions are called Inverse circular functions. 

20. From the definition, it at once follows that 
6 = sin"^ sin 6, and a; = sin sin'^a*. 

For if sin 0 = x, then 0 = sin”’’a:'=sin'"^ sin 6, 
and a; = sin 0 = sin sin“^a;. 

Similarly, 6==co8“^ cos 0 = tan”’ tan 0 ; etc. 
and aj = co8 cos“^aj = tan tan^'a* ; etc. 


Also we have 

cosec 


''"x-sin”^ - 5 cot ‘*x*tan 


* -1 1 . 
— tan ^ - » 


sec" '*x"- cos 

X X 


•ll. 


Let cosec ^a? = 0 ; then cosec d-x. 

1 ^1. 
cosec 0 X 


sin I 


Hence 0 = sin"^ - ’ and therefore cosec-^-r = sin"^ ^ • 

X X 


In the same way, we have, cosec" ^ ^ “ sin'^a?. 
The other relations follow similarly. 


21. As all the trigonometrical ratios can be expressed in 
terms of any one, similarly all tljp inverse trigonometrical 
functions can be expressed in terms of any one of them. 

Thus, let sin"^aj = 6 ; then sin d = x. 

cos 0= Vl-*® ; tan > cotfl- ; 

vl — a? X 

sec 0 •" i and cosec 6 ^ • 

Vl-»* SB 
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. 0 * = cos“^ <s/l - ®* “ tan”*’ 

•• oot — =■ sec —iz i “ cosec ^ • 

X tjl — x* X 

22. To prove that 

(0 Bin”''x+co8”*X“ 

(ii) tan" ■'x+ cot”**" £• 

(iii) coBec"''x+Bec”*x- 

Let sin”^® = 6 ; then sin d^x. Now, sin 6 = cos {in - 6). 

. cos {in - O) a; and hence cos”^® ^in^B. 

Therefore, sin“^a; + cos“^a ; •^B + in-B = in. 

Similarly, the other two relations follow. 

Note. In the above results, principal values of inverse functions 
have been taken and x has been tacitly assumed to be positive. If x be 
negative, results (i) and (iii) will still hold but not (ii). [ See Ex, 34(ii)y 
page 31 ] 


23. To prove that 

(i) tan"^x+tan“V"tan’‘* 

(ii) taii"‘*x-taii^^y— tan”^ i-hxy 

Let tan”^aj = a, then tan a = a? ; 
also let tan" “ fi, then tan p^y. 

Now, too (. + d) - - 1 
l-®y 

i,e., tan"*’« + tan"*^V“tan“* 

l^xy 

Similarly, the second relation follows. 



24 


HIGHEB TBIG0N0METB7 


Note 1. It can be easily proved as above that 
cot“^a!±oot"‘y=oot“^ 

y±x 

Note 2. In the above results we have considered principal values 
only and have tacitly assumed x, y^l’-xy all positive. In case these 
restrictions are removed, there will be modifications in the results. 
[ cf. Ex. 34(i)t page 31 ] 

24. To prove that 

tan" ^ X + tan" ^ y 4- tan" z - tan" ^ ^ — - — 5^. 

1 — yz — 2 X - xy 

Let tan"^a; = a ; tan"^y = /3 ; tan"^2:“y ; 
tan a = a;, tan /S «= I/, tan y = 

Now, tan (a + /5 + y) 

^ tan a + tan + tan y - tan a tan /9 tan Y 
1 - tan i? tan Y - tan Y tan a - tan a tan j5 
^ x + y-h z zJ^yz ^ 

1-yz-zx-xy 

Hence, a + /J + y = tan-^ ® + 

1-yz- zx~xy 

Since, a + /9 + y = tan"^a; + tan"^j^ + tan"^^i, the required 
result follows. 

Note. This relation can also be deduced by applying twice the 
formula of Art. 23. Thus, 

Left side«(tan*^«+tan’'p)+tan*^« 

= tan* + tan* ; now again apply Art. 23. 

1— fl/jr 

26. In fact for most of the foiitaulaB involving ordinary 
circular functions, correepoi^ding relations connecting the 
inverse circular functions can be easily deduced. In addition 
to those given above, some are illustrated in the following 
examples. 

Ex. 1, Show that 

(i) aw" ^a;± wi* « sin ” * {a - p* ± y »•}. 

(ii) coa"'a!±coa*'y-coa"M»»^ 
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(i) Let sin*' a; s a. sin a=»jB and ooso=^l-®*; 

sm"'y=j8, sin^^y and cos , 

Now, sin (o ± j8) = sin a cos jS ± cos a sin j3 
=® as ± 2^ - aj® , 

/. a±p=‘8in-^{xJi-Y*±yJl-x% 

Since, o ± jS = sin* 'a; ± sin* ’ y^ the i equired result follows. 

(ii) Those relations follow similarly from the values of cos (a+j3). 
Es. 2. Show that 

(i) 2 sm” ' J5 = sin" ' (2a; — a-*), 

(ii) 2 cos" ^x— cos " ' (2a;* — 1). 

(iii) 2 ton"'a;=^an"'- a* 

l-a* 

(i) Let sin"'a; = ^. sin d = a;, cos 0= 

Now, sin 2^ = 2 ain B cos B—^xJx~~x*, 

20 = sin"' (2a;^r-£c*). 

Since, B = sin* 'a;, the required result follows. 

(ii) & (iii). These relations follow similarly from the corresponding 
values of cos 20 in terms of cos 0 and tan 20 in terms of tan 0. 

Note. The above three relations can also be deduced by putting 
X for y in the values of sin"'a;+sin"‘ i/, cos"' a; + cos"' j/ and 
tan" 'a; + tan" 'y. 

Ex. 8. Show that 

(i) 3 sin" 'a; = sm" ' (3® - 4a;*). 

(ii) 3 cos* ^x=cos ~ ' (4a;* - 3a;). 

(iii) 3 ton" 'a; * ton" ' • 

(i) Let sin"'a;=0 ; then sin 0=a?. 

Now, sin 80=3 sin 0-4 sin*0 = 3a;-4a;®. 

30, i.c., 3 sin" 'a; = sin" ‘ (3a;- 4a;®). 

(ii) & (iii). These relations follow similarly from the corresponding 
values of cos 80 in terms of c(A 0 and tan 30 in terms of tan 0. 

Note, The result of (iii) may also be deduced by putting y^»^x 
in the fomala of Art. 24. 
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Ex. 4. Show that 


2 


Let taii"*aj=^. 


tan 6^x. 


Since, sin 2$ = 


2 tan 6 ^ 2x 
l+tan^fl l+aj’’ 


2x 

2df i,e.9 2 tan“^a5 = sin‘‘^J^^J^J• 
c!• ^ rt/i 1 — tan®^ l — x^ 

Since, 008 2^=— : — rii=*, . a’ 

* 1 + tan^^ 1 + x^ 


and tan 20 = 


2 tan^^ _ 2x ^ 
1 — tan'-'d 1 — flc^* 


the remaining relations follow similarly. 

Ex. 5. TTrife dovm the value of 
tan'^ sin co«"‘ ^/5. 

Let d--tan”‘ sin cos**^ <s/J ; 

then tan 0 = sin cos” ^ ^/J =» sin sin’ ^ Vl — § = sin sin’ ‘ ^3 *= ^3* 

.'. the least positive value of d = ^ir 
and hence, the general value of 0 f.e., of the given expression is 
7tir+Jir or }ir(67i+l). 


Ex. 6. Show that 


1 1 32 

2 tan" ^ 5 + tan" ^ j “ tan""^ • 


2x 

Since, 2 tan’^aj= tan’^ 

X — 05 


[ See Ex* 4. ] 


/. 2 tan 


^ 6* 


/• Left side* tan’* ^+tan’^ | » tan’* j^^^=tan’* |g* 
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Ex. 7. Solve 


2a . .. 2-1! 

^ 1-*^' 


Left side « 2 tan” ‘a — 2 tan” ‘6. 

• *. the equation reduces to 

2 tan“‘T=2 tan" ‘a— 2 tan"*6 


[ See Ex i 


tan"‘sc = tan“*a— ta.n"^6= tan"\^, 

1 + ao 




Ex. 8. Solve 


. T-l , , OJ+l T 
tan — :,+«an , n=^ . • 

jr-2 ^+2 4 

x—1 y+1 

T j X ® — 2 rH 2 ^ _,23*®— 4 

Left sidc=tan ^ s — 7 -=tin ' 

r**-! -i 

the equation reduces to 

A ,i2j^— 4 x 2r^~4 . TT . 

tan ^ j = A » or* j -tan . =1, 
— 3 4 — 3 4 


[ 0 P J9i7 ] 


whence, a;= ± 


n /2 


EXAMPLES III 

Prove 1 to Ex. 15) that 

1. tan'^o" + cot“^ (t + 1) = tan”^ (x^ +x + l). 

[ C. P. 1935. ] 

2. iaii“^a-taii”^c = tan-^-^, ^L + tan“’^-“ ^ 

1 + ab 1-^bc 

8. (i) tan (2 tan“^a;) = 2 tan (tan”^aj + tan“^a'®). 

[ G. P 1944. ] 

(n) tan( | + J cofl-" |) + tan( ^ | cos"" J ) - 

[ 0. P. 1948. ] 

4. tan~’’iE = 2 tan“^ (coseo tan'^r - tan cot"*’®). 

[ 0. P. 1938. ] 



28 


HIGHER TRIGONOMETRY 


6. tan*"^! + tan“^2 + tan“^3 

-=■ 2(fcan"^l + tan"^i + tan“^ J). [ C. H. 1950 ] 

6. tan”^ (4 tan 2A) + tan“^ (cot A) + tan”^ (cot** 4) - 0. 

7. sm"^ ^ +sin“’'-^ [0. IL 1947, 

0 13 00 2 


8 . tan'*” + tan“^ + tan“^ '^V ^ 

X) yt zr 2 

where =x^ -^-y^ + z^, 

« f, 20- . . 


9. tan 


ji sm”^ 


I + 4 cos’ 


I - r**! 2 ;! 

l+a?^i i-i 


[ C. P. 1947. ] 

10. cot ^ + cot — + cot ^ “0. 

x-y y-z z-x 

11 . taa-^ y ” + tan-^ + lan"^ ^ 

where r- xi-y^ z. [ 0. P. 2955. ] 

iA 1. -1 2 t X 

12. “ tan ^ - 2 + n 1 o 2 

6 1-cc 9 1-Sx 

, 1 . -1 4r-4ir® , _i 

+ ., „ tan ^ « 2 ~r 'i “ tan a*. 

12 l-oa; + 0 ?* 


13. cos tan’^sin cof’^x 


14. 2 tan' 


■'(V: 


/r* + 1 \^ 

” W* + 2 / 

^)-cos- 


_1 ?) + <7 COS 
rt + 6 COB a; 

[ 0 P. 2955. ] 


✓ IK ^ -1 -1 1 -1 f 2 (x + y)(l-ry)\ 

/16. tan ^aj + tan ^ 2 / = 4sin + ^ 2 )] 

/I6. If co8”^a: + co8~^y + co8~^«-n, show that 
a:* + + a® + 2a:va = 1. [0. H. 1950 ; 0. P. 1934, ’4J. ] 

17. If sm~’^a: + sin“^i/ + sm“'‘a “ n, show that 

* Vl -*’* + 9 Vl -jT* + a s/l-a* = 2afya. 

[ 0. H. 1937. ] 
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18 . If tan"^fl7 + tan + tan“^j8f ■“ n, show that 

x + y + z = xyz. [ C. P. 1940, ] 

19 . If a, p, y be the roots of the equation x^ +px^ +qx 

+p = 0, prove that tan“’'a + tan”^iS + tan”^y -n^i radians, 
except in one particular case. [ G, P, 1940, ] 


20 . Solve the following equations . 

(i) fcin"^ - 2 + sin“^ ^ tan'^a;. [ G, P. 1936,] 

J. T 1. "r U 

(ii) tan"^ 2r + taa“‘^ — 

(in) tan"*^ (a; - 1) + lan”^a + tan"^ (a: ^ l) = tan“^ 3ar. 

[ G, P, 1933, ] 


(iv) sin 2 cos*"^ cot 2 tan ^£r = 0. 

12 

(v) cos"^ iTa? * ^ sec"^ ^/l + a® - 2 sec"^ Jl + h^, 

(vi) cos”^ (a; + i) + cos'^a? + cos"^ (cr - i) = ^n. 

[ G, H, 1931, ] 

(vii) sin“^a; + sin"^l/ = 'J;i , 

cos“^a’-cos*^l/ = i?i. [ G, P, 1940 ]. 


( \ I. -X + Jl-x^ 

vrF;*+7i-"P 

(ix) cot”^ (a* - 1) + cot”^ (x - 2) 


“ a. 


[ G, H, 1939, ] 

X (x) tan“^ ^ +tan“^ ^ +tan“^ ~ +tan“^ “ “ 

' X X £P a* 2 

(xi) tan“^ ■J’ + tan”^ J + tan”^ y + tan"“^a; = i;j. 

[ G, P. 1931, ] 

^21. Find all the positive integral solutions of 
tan-^a* + cot~^y ■» tan" ^3. 

22 . If be a positive iirteger, show that the equation 
tan'^rr^ tan'^y — tan"^ h 
IS no positive integral solutions. 
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28. (i) If sin (n cos a) = cos (n sin a), show that 

a = ± J sin“^ i. 

If tan (:* cos id) = cot (n sin id), express sin 0 in 
its simplest form. [ C. P. 1941, ] 

24. If tan (n cot a) = cot (:* tan a), show that 

tan a = i {{2n + 1) ± J4n^ + in - 15}, 
where n is any integer except 1, 0, - 1, - 2. 

25. Write down the general values of 

sin“^ i ( - 1)^ cos”^ i ( - 1)^ tan’^ ( “ 1)^ 

where k is an integer. 


26. Show that 

-• -1 2ai5i 
sin ‘<i I T 2 ' *^in 


2(loho 


can be expressed in the form sin" 


, • -1 2citJ)n 
4* ••• + Sin a . t 2 
an + On 

2x11 

2 where x and y 


x^ + 


are rational functions of ciu hu b^,.,,an, bn . 

27. Show tliat 


tan 


-i«i .T-?/ 

a^y + x 
+ tan 


+ tan”^ — ®- +tan 


4“ 1 
4- tan' 


-1 0,2 _ 
a^Ot^ 1 


rtn - 1 0>n 4* 1 

where ai, ^21 an are any quantities. 


^ - = tan ^ 
an y 


28. Given that tan“^.T, tan" ^2/ and tan" ^ 2 ? are in A. P., 
point out the existence of a certain algebraic relation 
between x, y, z. If in addition x, 2 /, z are also in A. P.^ 
prove that x-y = z, [G, H, 1930, ] 


29. Solve the equation 

0 = tan-" (2 tan*0) - 4 sin"" (g-J 

[ 0. H. 1988. } 



IXYEBSE CIBCULAB FXTBOTIONS 


81 


30, Prove that tan“^ ^ + tan ^ TJT^ + tan”^ i^~ 

1 + ab 1 + fee 1 + ca 

-1 ^ -1 b^-o^ . , -1 c®-a® 

1 + aV l + 1 + cV’ 

[ C. P. 1981. ] 

31. Prove that 

tan (tan“^a; + tan“^t^ + tan”^ 2 :) 

“ cot (cof^a; + cof^y + cot'^z). [ C. P. 1939. ] 

' 32. Find the general value of tan“^ (cot x) + cot” ^ (tan a?). 

N/' 33. Solve for x and y 

tan”^a7 “ tan” = c^“^ 2y - cot“^ 2x = in. 

34. (i) Show that the value of in the formula 
tan" + tan" ^y—nn-¥ tan" ^ 

1-xy 

is zero, unless xy > 1 and if a*!/ > 1 , n is + 1 or - 1 accord- 
ing as X and y are both positive or both negative (principal 
values only being considered). 

(ii) Show that tan"^a; + cot"^a;= - ^ » if a; < 0. 

/ 86. Find if there is any value of x wliich strictly satisfies 
the equation 

tan"^ ^^^ + tan"^ ^ ^""tan"^ (”7). 

[ G. E. 1943. ] 

36. If tan-^ V(^ 3 tan’^yy/ 
show that 

1 X (a + aj)V(c+®) =0. 

1 y (a + y)^ic + y) 

1 z (a + z) J{c + z) 

[ 0. H. 1943. ] 
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PROPERTIES OF TRIANGLES 

26. Area of a triangle. 

Let ABC be a triangle and let A 
denote its area. Draw AD perpendi- 
cular to BG ; then from AACD, 

AD = AG sin G = b sin C. 

Now, A = i BG.AD ^\ab sin C. 

Similarly, by drawing perpendiculars from B and 0 to 
the opposite sides, it can be shown that 

A = i 6c sin 4 = J ac sin J3. 

Otherwise, A = i ab sin C 

= 3 ac sin B ( *.’ 6 sin C = c sin B) (l) 
= |bcsinA(‘.‘ asinB = 6 8inA) 

Thus, A = {half the product of any tioo sides) x sine of 
the included angle. 

A A 

Again, A=ibc s'm A^bc sin ^ cos ^ 

“ Vs (8-a)(B-b)(8-c)» "• (2) 

4 » 

Substituting in the above expression s J (a + 6 + c), we get 
A = i /J(a + 6 + c)(6 + c “ a){c + a — 6)(a + 6 — c) 

» i{2b*c* + 2c*a* + 2a*b* - a^ - b^ - (3) 

Note 1. In the figure given above, the perpendioular AD falls 
inside the triangle. If either B or C be obtuse, this would not be 
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the case. In such a case, if say C be obtuse, AD^BC sin (180® — C) 
= h sin C7, and the same result follows. 

Note 2. In some text books, 8 is used to denote the area of 
a triangle ; but to avoid confusion between 8 and s in writing, the 
symbol A is preferable. 


27. Circum-radius of a triangle. 


Let O be the centre, and i?, 
the radius of tbe circle circum- 
scribing the triangle ABC. 

Join BO and produce it to 
meet the circumference in D. 

Join CD. 



From ABCD,s\nBDC^^^]^- 

■dD 


But ABDC— Z.-4, being in the same segment. 


2 ^ = sm^ or, 


IJ = 


2 sin A 


Similarly, by joining AO and producing it to meet tbe 
circumference in E and joining CE, BE, it can be shown 
that 




2 sin B 


and also = 


2 Bin C 


Thus, 

Again, 


■■ ^ -T ^ m 9f> 

sin A sin B sin C 

a ^ af^ __ abc 

2 sin A 2bc sin A 4A* 


(4) 


( 6 ) 


^ Note. If angle A be obtuse, A and D fall on the opposite sides 
of BC and ABCD being cyclic, sin RDC ssin (180®-A)asiu ^ 
and the same result follows. In case A is a right angle, evidently 

and we get the same result. 

sin A 


8 
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28. In-radiu8 of a triangle. 


A 



Let I be the centre and r the 
radius of the circle inscribed in 
the triangle ABC ; let D, E, F 
be the points of contact of the 
in-circle with the sides BG, CA, 
AB respectively. 

Then, ID-= IE IF ==r. 

Join lA. IB. IG. 


AABG “ A7BC + AIGA + AIAB 

= iBGJD + iGAJE + UBJF 
~ iar + ibr + icr 
= ir (a + + c) = rs. 

Thus, A = rs, 

r-A. 

8 


( 6 ) 


Again, a = BG = BD + DG 

= r cot iB + r cot iG, from A* IBD, IGD, 

a 


fcos iB ^ cos iG 


^Lsin iB ^ sin iOj 

[ cos iB sin iC + sin ^B cos iCl 
sin iB sin iG J 

^^sin (ii? + iG) ^ cos iA 

sin iB sin iG ^sin iB sin iG 
[*.• }il+iH+JC=90®, 

. ' . sin (JJ3 + JC) = sin (90® - J4) = cos iA ] 
r = a sin 4B sin iG rfbo iA, 


Since by (4), a == 2B sin 4 4J5 sin iA cos iA, 

•% r«4R sin sin sin ^C. — (7) 

Since, from the fig. AF=AE, BD*^BF, CD-CE and 
since the sum of these six quantities is equal to the peri- 
meter, 
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-4 + BZ) + CD -= semi-perimeter ■* s, 
AF + EG, or, AF-\- a- s, 
AF^s- AE, 

Similarly, BF— s-b = BD ; GE = s-g - GD, 
From AATF, IF-- AF tan lAF. 

•*. r^Cs-a) tan 

Similarly, r*-(8-b) tan - ••• (8) 

and r “• (s - c) tan JC, , 

Note. Distances of the In-centre from the vertices. 


Prom AAIF, I A = IF cosoo lAF, . * . IA=r cosec iA, 
Similarly, /E=r cosec iB and /C=r cosec ^C. 


^9. Ex-radii of a triangle. 

jet 7i be the centre, and 
ri the radius of the escribed 
circle (opposite to tlie anfile A) of 
the H^ABG ; let 7J, E, F be the 
points of contact of the circle 
with the sides BG, and AG and 
AB produced. 

Let ^ 2 , rg denote the radii 
of the escribed circles opposite 
to the anjjdes B and C respec- 
tively. 



Now, 7iD = /iD = 7iF=ri ; join AI^, BI^, GI^. 

AABG = AI^AB + AI^AG - AI^BG 

- UB. I^F+ hAG. I^E - iBG. I^D 
= \cr^ + Jferi - \arx 
“ iri (5 + c - a) 

= iri (6 + c + a " 2a) 

" Jri (2s - 2a) 

-ri(s-a). 
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Thus, 


*• Fi 


A = ri (s - a\ 

^ A 

s-a 


Similarly r 2 *■ 


and 


i-c 


( 9 ) 


Again, a - BG = BI) + GT) 


= ri cot iiJ5D + ri c( b I±GD, 

from A* IiBD, T^GD 
= fi cot (90® ~ \B) + ri cot (90® - JC) 
because, ZIiBD = Kl80® -B)^ 90® - \B 
and Z/iOZ^ = Kl80®-C) = 90®-JC. 

a = ri (tan jB + tan \G) 

[ sin_4-S , sin 4 C"| 
cos iB cos iC'J 

[ sin IB cos iC + sin iG cos JBI 
cos JB cos iG J 

^ sin (JB -ti?) 
cos iB cos iO 


“^1 


cos 4A 

cos iB cos iC 


» as in Art. 28. 


ri =a cos iB cos iG sec iA, 

Putting a*= 2B sin A « 4B sfn iA cos iA, 

ri "■ 4R sin iA cos JB cos iC. ^ 

Similarly, r2 ■" 4R cos | A sin iB cos |C, [ ••• (lO) 

and ra "■ 4R cos i A cos iB sin iC. J 

Again, AB = AG-^GE = b + GD ( •/ GE=^GD) 


and AF^AB-^BF^c + BD. C.* BF-^BB) 
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But AE = AF ; therefore, by addition, we get 
2AE =» 6 + c + BD + CD — & + c + a = 2s. 
AE^s, 


Again from J^AI^E, I^E — AE tan I^AE. 

•*« ri « 8 tan ^ A 
Similarly, ra “ 8 tan ‘ 

Fa =* 8 tan i 

Note. Distances of Bx^centres from the vertices. 

From AAIiFf JiA = /,Fooseo J, AF, 

< 

!^A = r^ coaee iA 

^4R COB iB COB JC, by formula (10). 
From ABJiF, I^B^IiF cosec I^BF, 

BBC IB. ( JB ) 

Similarly, I^C^r^sec^C. 

In tho same way, cosec 4B, cosec iC, 


( 11 ) 


Ex. 1. rrme that 1 + ^ + 1 = 1 . 

ri tj Tj r 

By formula (9), 


left sido=^-;^+^ 
A 


— , s— <• 

A A* 


C G, P, 1938, ^43, '50. ] 


3s — (rt4- t + r)_ 3s— 

A “"a " A“^ r ’ 


Ex. 2. Prove that 4 cos JA cos JB cos JC = g • 

[ C, P. 1930, '44. ] 

Left 3ide=4A/‘65^).A/5iHD.^5ii^ 
y be y ca y ab 
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Ex. 8. Show that 

— — ri? 
ri “ ra “ 

.*. 6c-rir3 = J[4fc^“2s(2s~2a)] 

=s-|[4?jr — (a+6+r) (6+c — fl)] 

= ^r4/)c + a® — (6 + c) ®] 

= ira®-(6-0‘‘l 

= l[(a+6-c)(a-6+0] 

. fcr — rjr^ _(■? — ?;)(g— r)_(*^a)(s — /;)(s — r)_ A 
* • Ti ri A s 


Similarly, the other ratios are equal to the same quantity. 

Ex. 4. If a, /9, 7 he the dibtanee^ of the angular pomh of a triangle 
from the povnU of contact of the in-circle with the bidest shotv that 


\a+/y+7/ 

Prom the fig. of Art. 28, we have, 

AF^AE^a] BF^BD^P; CD=CE=-y. 
a = s-a, p^s-b, y-s-e ; 

hence, o+)8+7=35-(a + 6+c) = 39— 2s= 

From formula (6), a){t^^h){^ r) 


[ C. H. 102i, ’95, '29, '51. ] 


^ a^7 

a+i3l7 

Hence the required result follows. 

Ex. 5. If r : Ti : B=2 : 12 : 5, show that the triangle ^s right- 
angled. 

From the given relation, we have 

2i?=ri— r=4i2 sin JA (cos JH cos JC-sin JB sin JC) 

*®4B sin iA cos (iB+JC) 

«4B sin®JA*2B (1-oos A). 
cos A bO, or, A B 90*. 
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EXABIP1.GS IV(a) 

1. Find the area of the triangle whose sides are 

z XX y y z 

2 . Prove that 

(i) 6® sm 20 + c® sin 2B = 4A. 

Vj. + ra +r8 ”r=4JJ. 

ra^s +r 8 r 3 . +rira =s®. [ 0. P. 1943. ] 

(iv) cos A + cos B + cos 0-1 + ^ 


CyJ sin A + sin B + sin 0 • 


B 


[ 0. P. 1951. ] 


^ ri ra ^3 

(ri - r)(ra - r)(ra - r)“» 4J?r®. 

(^v,(\ » - 1 (»‘2 + + ra). 

(viiOB-^ rara+rar.+r.ra 

(ix) A = JrrxT^Tz = cot \A cot cot iC, 

a cot A + b cot B + c cot C = 2{B + r). 

[ 0. P. 1949. ] 

cos A+b cos B + c cos C = 4B sin A sin B sin 0. 

[ C. P. 1934. ] 

(xii) a cos B cos C + b cos C cos i + c cos A cos -B * ‘ 

(xiii) Tx (cos B - cos 0) + Tq (cos 0 - cos A) 

+ Ts (cos A - cos B) — 0. 
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(xiv) ri = B(cos B + cos 0 - cos -4 + 1 ). 

4B 


\l^ 

.1) 

11 

-^1 

/\ r 

rsl 

Ir 

rj 

. 1 

. 11 


4/1 

+ 

+ 


- 

rs 

rsl 


r \ri 


(xvii) Ti (tq +rs) cosec A = r 2 (rs +ri) cosec B 
= ^3 (^1 + ^ 2 ) cosec C. 




xixl cos 


j ^2Jt + r-rt 

^ 2B 


ri ra rs 


la a 


[ C. P. *47. ] 


+ : + " + sV 

0 c c J 


3. If a, 6 , c are in A. P., show that rj, ra, Ts are in 
H. P. 

#n ri «*ra +r, +r, prove that the triangle is right- 
angled. [ G. P. 1946. ] 

If &R^ — + b^ -hc^, show that the triangle is 

right-angled. 

6 . Prove that the circum-radius of ^OBG > iB. 

If S be the area of the in-circle, Si, Sa, S 3 , the 
areas of the escribed circles, theiS 


.1_ 1 +_1_ 

JS VSi JSs JSs 


[G.p.ms.] V. 


7. Prove that ri, ra, rs are the roots of the cubic 
jc® - a?® (4 jB + r) + s^x - rs® = 0. 

[ Use Ex. 2(ii) and (wi). ] 
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8. If I be the in-centre of the triangle ABG and a:, z 
be the circum-radii of the triangles ISO, IGA, lAB, show 
that 4E® - B{x^ ■^y^-^z^)-xyz = 0. 

[ aj = 222 sin JA. ] 

9. Show that in any triangle, 

a = K~^rj_ (fa +ra.) 

b = K~^r2 (r, +rx) 
c = K~^ra (ri +r2) 

wliero K^ir^ra H-rsrj +rxr^. [ G. S. 1927. ] 

10. If the in-circlo touches the sides of the triangle ABG 
in L, M, N and if x, y, z be the circum-radii of tlie triangles 
MIN, NIL, LIM, prove that 

fg « 2rcosiA ^ r 1 

L sin MIN stn ( 180 ®— A) stn JAJ 


11. In any triangle, 

(i) (a) if cos A *= triangle is isosceles ; 

(b) if 07 be parallel to BG, cos B + cos 0 = 1. 

(ii) prove that 

a sin (jB - 0) + 6 sin (G- A) + c sin {A- B) = 0. 

[ 0 . IL 1942. ] 

12. Given that the sides of a triangle are in A. P. and 

the greatest angle exceeds the least by 90®, show that the 
sides are + 1 \ Jl \ Jl -1. [ 0. H. 1931. ] 


13. If X, Y, Z be the middle points of the arcs BG, GA, 
AB oi the circum-circle of the triangle ABG, show that the 
radius of the circle inscribed in the triangle XYZ is 


4i? sin 


B+C . G+A 


sin 


SlU' 


A + B 


4 


4 


4 


{G.H.1982.] 
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14. If cr, y, z are respectively equal to lA, IB, IC and 
a, p, y are respectively equal to I 2 B, I^C, show that 




(ii) 


a. 


(hi) + + {iy) ax^ by^ cz^ = abc, 

a p y 

(15) In any trian^*le the area of the inscribed circle is 
to the area of the trian^^le as n : cot iA cot iB cot iC. 

[ C. P. 1931. ] 

16. If X, ?/, z be tlie lenj^ths of the perpendiculars from 
the circum-centre on the sides a, b, c, prove tJiat 


? + ^ ^ cs 

X y z 4:xyz 


17. [f Z, m, n are the perpendiculars from the angular 
points of a triangle upon the opposite sides a, b, c, sliow that 

bl , C7n an _ + b^ + c® 

0 a h 2P ‘ 


18. If in a triangle 3E - 4.r, show that 

4(cos A + cos B + cos C) = 7. 

If tlie diameter of an ex-circle be equal to the peri- 
m^r of the triangle, show that the triangle is right-angled. 

[ C. P. 1948. ] 

then the triangle is riglit-angled. [ C. P. 1949. ] 


21. If in a triangle cos A + 2 cos C : cos A + 2 cos B = 
sin B : sin C, prove that the triangle is either isosceles or 
right-angled. 


22. li Pit P 2 t Ps I'he perpendiculars from the angular 
points to tlie opposite sides, show that 

Pi~^ +Pa~^ +Pa~^’=ri~^+rB~^+ra~^. 
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Let D and D' be the points in which the internal and 
external bisectors of tlie anj^Ie A meet tlie opposite side BG, ' 
Let X denote tlie length of the 'internal bisector AD and x' 
the length of the external bisector AD\ 


Since AABD + AACD = A ABC, 

ixc sin ^A + ixh sin M = Ihc sin A, 


he sin A 
6 + c bin iA 

he 2 sin iA cos iA 
b + e sin iA 


2bc 

b+c 


cos J A. 




Again since AABD' - AACD' = AABG, 

ix e sin BAD' - \x'h sin GAD' — A ABC, 

t.e., ix'e cos iA" - ix'h cos iA = ihe sin A, 

, ^ he sin A _Jbc ^ 2 sin iA cos iA 

e-b cos iA c-b cos iA 


^giniA. 


• 90®. Hence sin BAD * = sin (90* + JA) « cos JA and 

sin CAD'»sin (90*- JAl^cos JA, 
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If y and & denote the lengths of the internal bisectors of 
the angles B and C, and y and z\ the lengths of the corres- 
ponding external bisectors, it can be shown similarly that 


2ca 4 -Q 2&1) 4 

cos JB ; cos 


c+a 

2ca 


and y « - — - sin ; z r sin JC. 

C'^a a'^b ^ 


The Medians. 



Let Z, w, n denote the lengths 
of the medians AD, BE, OF, From 
Geometry, wo have 

AB^ + AC^ = 2UD® + BD^). 

^ ^ c^ + Z)"-2(Z"+Ja*), 

+ c*) - ia^ 


= K26® + 2c"-«^) 


■■i(b® + c*+2bc cos A), 


by putting = 6* + c® - 2bc cos A, 


Similarly, m* — + a®) - ib^ 

= i(c*+a*+2ca cos B), 

and n* = + b^) - ic® 


= i(a® + b*+2ab cos C). 

Draw AN perpendicular to BG and let /_ADC = d. 


Then 


cot e 


DN 1 BN-CN 
ijv”2* AN 


->i(cot B-cot C). 

Again, if /,BAD = P and ACAD-Y, then by drawing 
perpendiculars from B and 0 on AD, it can be shown that 

cot 6- i(cot 0 - cot f). 
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^2. The pedal triangle. 

The trianfjle LMN formed by 
joining the feet of the perpendi- 
culars ALt BM, GN^ drawn from 
A, Bi C on the opposite sides is 
called the tnanqle of the 

A. A BO, Let P be the ortho - 
centre of AABC. 

Since, PLB, PNB aro 
right angles, the points P, N, 

B, L are concyclic. 

Z.PLN=Z.PBN, being in the same segment 
= 90®- A 

Similarly, the points P, L, C are concyclic. 

/LPLM^ Z.PGM 
= 90° -A 

ZilfPiV = 180°-2il. 

Thus, the angles of the pedal It tangle aro 

180® - 2 A, 180® - 2B, 180° - 2C. 

Again, since A® AMN, ABC are similar, " 

. MN^AN . 

■■ BG 

or, MN = a cos A, 

Thus, the aides of the pedal triangle are 

a cos A, b cos B> c cos C, 

or, B sin 2i4, B sin 2P, B sin 20 ( a = 2B sin.il, etc.) 

• B, N. Jlf, C are oonc7olio. .-. ZAAfiV- ; 

ZA is common ; hence the similarity. 
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The eircum-radius of the pedal triangle 

MN 

2 sin MLN 

B sin 2A _ in 
*2 sin (180" -2^) 

Distances of the ortho-centre from the vertices. 

From ^AGN, AN = h cos A, 

From AAPNt AN=AP cos PAN, 

From ALAB, cos PAN = cos (90" - B) = sin B, 
b cos A = AP sin B, 

A n b COS A. An it 

or, AP *■ . — 2R cos A. 

flin B 

Similarly, BP ■■ 2R cos B and CP ■» 2R cos C. 

Distances of the ortho-centre from the sides 

ZBPL = 180"- LLPM-- LG, *.• MPLG is cyclic ; 

/. PL ■■ PB cos BPL = 2R cos B cos C. 

Similarly, PM-2R cos C cos A ; PN-2R cos A cos B. 

Note. In tho course of the above proof, it is assumed that the 
triangle is acute-angled. If the angle A ^s obtuse^ the ortho-centre lies 
outside the triangle and it can bo easily shown that the angles of the 
pedal triangle are 2^ — 180®, 2H, 2C and tho sides are— a cos A, 
h cos B, c cos G ; the distances of the ortho-centre from the vertices 
are -2R cos A, 2Ji cos B, 2R cos C.r 

Cop, Since APLM= LPLN, PL bisects tho angle B. Similarly 
PM and PN bisect the angles M and N. Therefore P is the in-centro 
of ABJIfN. Thus, the ortho-centre of a triangle is the in-centre of the 
pedal triangle. Since BC is perpendicular to AL, it is the external 
bisector of LMLN ; hence A, B, C are the ex-centres of the pedal 
triangle. 
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33. The Ex-central triangle. 

The triangle IXI 2 I 3 formed 
by joining the three ex-centres 
Ji, J 2 , Is of A ABC is called the 
Ex-central trtanqlo of AABG. 

Let I be the in-centre , tlien 
from the construction for finding 
the positions of the iii-centre 
and the ex-centres, it follows 
that 

(i) the lines AII^^ BTI 2 , Gils bisect the angles A, B, C 
internally and the straightjjnes T^AIst I^BIx^ / 1 CZ 2 bisect 
the angles A^ B^ G, externally. 

(ii) Heme Alt, Bl^, Gf^ are respectively perpendi- 
culars to ZaZsi / 3 Z 1 , Ills* 

(iii) Therefore, T is the ortho-centre and ABG is the 
pedal trianqle of ArxUIs- Since ABG is the pedal triangle 
of Alx^^Ist we have Irom the last article, 

A = 180® - 2Zi 

Ji-90®-U. 

Thus, the angles of the ex-central triangle are 

90® -iA, 90® -iB, 90® -iC. 

Also, we have, BG or a-I^Is cos 7*1 [ By Art, 32, ] 

= TsIs cos (90® -U); 
a or 2B sin A -Isis sin iA, 

Hence Isis = 4H cos iA, 

Thus, the aides of the ex-central triangle are 

4R cos 4R cos |B, 4R cos ^C. , 
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34. Nine-points Circle. 

The circle passing through the nine points, namely, the 
feet of the perpendiculars drawn from the vertices of a 
triangle to the opposite sides, the middle po’nts of the 
sides and the middle points of the lines joining the vertices 
to the ortho-centre, is called the nine-points circle of the 
triangle. 

It is proved in elementary Geometry that the centre of 
the nine-pointa circle is the mid-point of the Line joininq the 
ortho-centre and the circum-centre. It follows from the 
definition that the nine-points circle is the circum-circle of 
the pedal trianqle and hence it follows from Art. 32 that 
the radius of the nine-points circle of HiABG is iB. 

86. The Polar Circle. 

Let ABG be a triangle in 
which each side is the polar of 
the opposite vortex with respect 
to a circle of centre 0 and 
radius p. 

Then, the A-dBO is called 
a self -polar trianqle with respect 
to the circle ; and the circle is 
called the polar circle of A ABG, 

Let the /LA ot fS,ABG be 
obtuse.*"' 

Prom the elementary properties of poles and polars, it 
follows that OA, OB, OG are respectively perpendiculars to 
BO, and GA and AB produced ; and p® = OA,OD, 

Hence, 0 is the ortho-centre of /\ABG, 

and p® = OA,OD = ( " 2B cos A),2B cos B cos 0. 

[ See Art, 82, Note. ] 

P® - 4R* cos A cos B C. 



^An aoute-angled triangle in real geometry has no polar circle. 
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36. The distance between special points. 

A 



Let P be the ortho-centre, 0 the circum-centre, I the 
in-centre, N the nine-points centre and O the centroid of 
AABG. It is known from Geometry that the four points 
0, O, Nt P are collinear, ON’^NP and PQ=^20Q ; hence 
0P-30G. 


4 
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Also AIAP^Z.IAO = i(0-By^ /LOAP^C-S. 
All is the internal bisector of JLBAG and AM is per- 
pendicular to BC, 

AO = E ; and from Art. 32, AP = 2B cos A. 

Prom the notes of Arts. 28 and 29, we have 
Al^r cosec iA^4:B sin iB sin ^0, 

All = Ti cosec iA *= 4B cos iB cos iC. 

(i) The distance between in-centre and ez-centre. 

Ul = AIi-AI 

= 4B cos iB cos iO - 4JJ sin iB sin iO 
= 4B cos i (J5 + C) 

■■ 4R sin 

Similarly, l2l*'4R sin ; l3l»4R sin JC. 

(li) The distance hetu een circnm-centre and ortho-centre. 

OP* = Oil* + - 20il.ilP cos OAP 

= P* [1 + 4 cos*il — 4 cos il cos (P - C)] 

= P* [1 + 4 cos il{cos A - cos {B - C)}] 

«= P* [1 - 4 cos il {cos (P + 0) + cos (P - 0)}] 

= R* [1 - 8 cos A cos B cos C.] 

(lii) The distance between circum-centre and in-centre. 

01* = AO* + A/* - 2A0.AI cos lAO 

= P* [1 + 16 sin* iB sin* iO -jS sin iB sin iG cos i{B- G)] 
■= P* [1 + 8 sin iP sin iG {2 sin iB sin iG - cos i (P - 0)}] 

^LIAP^ LXAG-- LPAC-- iA - (90“ - C) = J(C- B), 
since 90" = J (A + P + C). 

Again, since Z.0AP+A.0BA+Z.A0P, i.e., 2Z.OAP+2Casl80*. 

.*. A,OAB^9(f-C. 

Hence, Z.IA 0 = A.IAB - A. OAB * JA - (90* - 0) » i(G - B). 
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■= [1-8 sin sin iO cos 4(jB + d)] 

= [1-8 sin iB sin iO sin iA] 

= R® - 2Rr, by formula (7) of Art. 28. 

(iv) The distance between clceum- centre and ex-centre. 

0U^^A0^ + A1:,^-2A0.AI^ cos OAh 
==B^ [1 + 16 cos^iB cosHC 

- 8 cos 4JB cos iC cos i{B- G)] 

— B^ [1 + 8 sin kA cos \B cos iC], as above 
“■R^ + 2Rri, by formula (lO) of Art. 29. 

(v) The distance between in-centre and ortho-centre. 

IP^ « AP^ + Al^ - 2AP.AT cos lAP 
= co8^A + 16i2® sm^iB sin^iC 

— IGjB^ cos a sin iB sin iG cos J (R — 0) 

= 4jB® {co^^A + 4 sin^ JjB sin® JC 

- 4 cos A sin iB sin iG cos i{B- G)}, 

Now, 4 cos A sin iB sin iG cos i (B - C) 

= 4 cos A sin iB sin iG (cos iB cos iG 

+ sin iB sin iC) 

= cos A sin B sin C + 4 cos A sin® iB sin® iG ; 

IP* = 4j5® [cos®il + 4 sin® iB sin® iG 

- cos A sin B sin 0-4 cos A sin® iB sin® JO] 
= 4J2® [4 sin® iB sin® JO (l — cos A) 

+ cos A (cos i4 - sin 5 sin 0)] 
==4i2® [8 sin® iA sin® iB sin® JO 

— cos A {cos (R + 0) + sin B sin 0}] 
-> 2p* - 4R* cos A cos B cos C. 

(• 

(vi) The distance bel/ween ex-centre and ortho-centre. 

Similarly, by considering A-41*iP, it may be shown that 

IiP* ■■ 2ri* - 4R* cos A cos B cos C. 
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(vii) The distance between In-centre and nine-points centre*. 

Because N is the middle point of OP, 

. from A70P, + ON^) = 10^ + TP", 

or, 2;i®=i70^ + i/P®-i0P® 

•* iP® - Pr + r® - iB® [ from (ii), (iii) ^ (v) 

.*. NI ■■ JR - r. 

Similarly, it can be shown that 

NIi-JR+r,. 

ObB. Since iB is the ladius of the nine-points circle, the Talues 
just obtained for IN and I^N show that the inscribed and escribed 
circles touch the nine-points circle. This is a trigonometrical proof 
of the well-known Feuerhacli^s Theorem, 

Note 1. Alternative method for 07 : — 

0 being the circum-centro 
of the triangle ABO^ ODE the 
perpendicular on BO bisects it, 
and meeting the circum-circlo 
at Ef it also bisects the arc 
BEG at E, 

Hence AE bisects the 
angle BAG, Thus J, the 
in-centre of the triangle, lies 
on AEt where BI bisects the 
angle B. Now 01 being 
joined and produced to meet 
the circum-circle at P and Q, 

ilI.IP=PI.J0«(P-OJ)(B+OD [••• OF^OQ^B] 
=‘B^-Or. 

OP^B^-ALIE. 

A 

But Al^r ooseo from triangle ANI^ where JP, the perpendi- 
cular from I on ABt is the in-radius r. 
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Again. LBIEr^ LBAl-V LAB1=^ L.CAE-\- /LIBG 
= Z.CBE+ /LIBC = ^EBI ; 

/. IE=EB‘=2B sin since the chord BE in the circum-circle 

A 

subtends an angle BAE= ^ at the circumference. 

Hence = — r coseo 2i2sin‘^ 2JBr. 

Note 2. In a similar way, if bo a ex-centre which lies on AEt 
it can bo proved that OT^^==R^ + 2Rri. 

Ex. 1. Prove that the distance of^he nine-points centre from A is 
ijl + 8 cos A sm B sin O. C G. 2Z. 1935, ] 

With reference to the fig. of Art. 36, since N is the mid-point of OP, 
we have 

a(AN^+PN^)^AP^+AO\i.e., 2AJ^>+J0P» = + ; 

AN^^aR^ cosM + JB^-J(P*-8B» cos A cos B cos C) 

= (8 cos*A+2-l+8 cos A cos B cos C) 

= JP® [1 + 8 cos A (cos A + cos B cos C)] 

= JP® [1 + 8 cos A {cos B cos C-cos (P+O)}] 

= 1P® [1+8 cos A sin B sin C] ; 

/. AAr=JPVl+8 cos A sin B sm O. 

Ex. 2. If sin^A + sin^B + sin® 0=1, show that the circvmi-circle cuts 
the nine-points circle orthogonally, [ 0. H. 1935. ] 

When two circles cut orthogonally, the square of the distance 
between their centres is equal to the sum of the squares of their radii. 

Hence, if the circum-circle and the nine-points circle cut ortho- 
gonally, then 

02^® = P® + (iP)* = lP®. - ••• (1) 

Again, 02^*=iOP*=lP®(l-8cos AcosBcosO). - (2) 

Since, sin®A + 8in*P+Bin*0=2+2 cos A cos B cos 0, 

[ Inter, Trigo, Ex. X, ex, 9, ] 


hence, the required result follows. 
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Ex. 8. Prove that the itirdrcle will pass through the ortho-centre if 
2 cos A cos B cos {l^coa il){l — cos B)(l — cos C). 

Since the in-circle passes through the ortho-centre, IP=r, 
JP®*=2r*-422® cos A cos B cos C, 

cos A cos B cos C = r® 

= 16i2» sin* iA sin* JH sin* JC 
= 2B* (1-cos ^)(l-cos B)(l - cos C). 

Hence, the result. 


EXAMPLES lV(b) 


1. If Z, m, n be the lengths of the medians of a triangle, 
prove that 

(6® - c®)Z® + (c® - + (a® - 5®)»® == 0. 

2. If y, z be the lengths of the internal bisectors of 
the angles of a triangle and Z, m, n be the lengths of these 
bisectors produced to meet the circum-circle, show that 

(i) a?“^cosiil + i/“^cos cos + 6”^ +c”^ 

(ii) Z cos iA + m cos iB + n cos iO « a + 6 + c. 

8. (i) If the internal bisectors of the angles of a triangle 
make angles a, /3, 7 with the sides a, 6, c, show that 

a sin 2a + 6 sin 2^ + c sin 2y = 0 
[ a»ii4+H = 90®+iH-iC ] 

(ii) If the lengths of the internal bisectors of the two 
angles of a triangle be equal, show that the triangle is 
isosceles. 


4. If O be the centroid of the triangle ABC and y, z 
be the circum-radii of the triangles BOO^ COA, AGB, 
show that 


a» (6* - c*) . 6* (cl-_a») . c* (a® -b*) _ „ 

o t" 2 “”2 ■— U. 


[C.E.lBSO.'i 
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5. If f, q, h denote the sides of the pedal triangle, 
prove that 

2 + 7 2 + 72 **U. 

a o 0 


6. Prove that the in-radius of the pedal triangle is 
2B cos A cos B cos 0. 


7. If LMN be the pedal triangle and P the ortho-centre, 
prove that 

(0 


PL PM 

AL BM GN ' 


(iO 


2X 

be ' ca ab 4 
•where x, y, z Sbio the circnm -radii of the triangles MPN^ 
NPL, LPM respectively. 


8, If L, M, N be the projections of the vertices of the 
triangle ABG on the opposite sides, show that 

(i) the area of the triangle LMN 

— 2 J cos A cos B cos G 
= iP®sin 2A sin 2P sin 20. 

(ii) the perimeter of the triangle LMN 

= 4P sin A sin B sin 0 
A 


9. Prove that the areas of the triangles l 2 l^L 

IaI±I, Ij.T 2 ^ are inversely as r, ri, rg, rs ; and the circum- 
radius of each of these triangles is 2P, [ C. jST. 1937, ] 

10. Show that the area of the triangle formed by joining 
the centres of the escribed circles is 

or, 8B^ cos iA cos iB cos iO. 
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11. Prove that (letters having same significance as in 
Art. 36) : 

(i) (a) area of A JOP 

= - 2JR® sin i (P - 0) sin i{G- A) sin J (4 - B). 
(b) area of AIPG 

= sin i(B-O) sin i{0-A) sin i{A-B). 

(ii) 

(lii) cos i4 + cosP + cos 0 = -J, if AIOP be equilateral, 
(iv) If 01 = OP, prove that B cos A + JS cos 2A ~ 0. 

12. If ^ 1 , ^ 2 * ^3 the lengths of the tangents from the 
ex-centres to the circum-circle, prove tliat 





a + fe + 
abc 


[ 0. JET. 1934. ] 


(ii) tit2t. = cibo/J^^‘ 

13. If flj, 2 /, be the distances of the ex-centres of 
a triangle from the in-centre and d the diameter of the 
circum-circle, show that 

xyz + + 2 /® + z^) = 4d^ [ 0. H. 1933. ] 

14. If X, y, z be the distances of the nine-points centre 
from the vertices of a triangle and h its distance from the 
ortho-centre, prove that 

«“ + y» + z® + ;fc* = 3lj*. [C.E.1939.'[ 

15. The perpendiculars from the angular points of 
a triangle on the straight line joining the in-centre and the 
ortho-centre are p, q,r ; prove that 

© sin 4 _ q sin P 


r sin C 
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16. If the in-centre be equidistant from the circum- 

centre and the orfcho-centre, prove that one angle of the 
triangle is 60**. [ 0. H. 1931, ] 

17. If I be the in-centre of the triangle ABC, ID, IE, 
Ji?’ be the perpendiculars on the sides, px, P 2 , Pst the radii 
of the circles inscribed in the quadrilaterals AEIF, BFID, 
CDIE, prove that 


(i) Pi + '»« + -Pi- 
r-Pi r-pa r-p^ 



I 

r 



i) 


R 


18. If X, y, z be the lengths of the three internal bisec- 
tors of the angles of a triangle, prove that 

(i) + +(c + a)®^^ + (a + 6)“^^“(o + 6 + c)®. 


(ii) (6 + c)(c + rt)(o + 


19. If Jo be the area of the triangle formed by joining 
the points of contact of the inscribed circle with the sides 
of a given triangle whose area is A, and Ji, Ja* ^ 3 > i'be 
corresponding areas for the escribed circles, prove that 


(i) 

r r-i, r, r, 

(ii) 4i + ^9+i48”^o = 2J. 

20 . Inside a triangle ABC, lines AO, BO, 00 are drawn 
such that Z OAB = Z OBC = Z 00 A - m, 

[0%8 called the Broca/rd Point. ] 


Prove that 

(i) sin®a> = sin (A - <o) sin (B - w) sin (0 - w). 
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(ii) cot CD = cot A + cot B + cot C. 

(iii) cosec^ct) = cosec^A + coaec^B + cosec^O. 


21. Perpendiculars AB, BM^ CN are drawn from the 
angles A^ By G of an acute-angled triangle on the opposite 
sides and produced to meet the circum-circle in L\ M\ N * ; 
if LL\ MM'y NN' be a, /?, ? respectively, show that 


(0 

(ii) 


^ ^ + y “ 2 (tan A + tan B + tan C). 

AI/ BM' CN' 

AL BM 


(iii) AL'M'N' = 8A cos A cos B cos C. 


22. If the circum-centre lies on the in-circle, prove that 
cos A + cos B + cos C =• [ G. P. 1961, ] 

^ 23. If J? = 2r, show that the triangle is equilateral. 

[ G. P. 1940. ] 

24. A circle is inscribed in an equilateral triangle ; an 
equilateral triangle in the circle, a circle again in the latter 
triangle and so on ; in this way {n + 1) circles are described ; 
if r, Xi, x^y..,^n be the radii of the circles, show that 

r = + + + 2irn. 

[ For an equilateral triangle R= 2r. ] 

25. If the distance between the ortho-centre and the 
circum-centre is ia, show that the triangle is right-angled, 
or else, tan B tan 0 = 9. 

26. If I be the in-centre and x, Vy z the circum-radii of 
triangles BIO, CIA, AIB, then show that xyz = 2B*r. 

27. If the in-circle touches the sides of the triangle ABC 
in ill, Oi, and if Pi, P 2 , Ps are the circum-radii of the 
triangles jBiJCi, C^IA^, ililBi, prove that 2 piP 2 Pa = JBr®. 
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28. The circle inscribed in the triangle ABO touches the 
sides BGt OA, AB at the points A±, Bi, Ci respectively ; 
similarly, the circle inscribed in the triangle A^B^Gi touches 
the sides at A 2 , B 2 , G 2 respectively and so on ; if AnBnGn 
be the 71 th triangle so formed, find its angles and show that 
this triangle ultimately becomes equilateral. 

29. A triangle is formed by joining the mid-points of the 
sides of a given triangle ; another by joining the mid-points 
on the sides of the new triangle and so on. If r, rn be the 
in-radii of the original and the wth of the new triangles 

respectively, then will rn^^i r; and if B, Bn be the radii of 
circum-circles, then will Bn 


30. If X, y, z are respectively equal to 14, IB, IG and 
Vu Zi, are respectively equal to Ji4, 12 B, I^G, then show 


. , . /,\ h c . c (I . a h 
that ( 1 ; — a + A., 

oVx cz^ 


0 . 


[ Seo Notes of Arts, 28 and 29, ] 

31. Prove that the nine-points circle does not cut the 
circum-circle unless the triangle is obtuse-angled, 

[G,H,mG.] 


^32. If the escribed circle which touches the side a of 
a triangle is equal to the circum-circle^prove that 

cos A = cos B + cos 0 [ 0. P. 1946^ *47. ] 



OHAPTEB V 


PROPERTIES OF QUADRILATERALS 


37. ‘Area of a cyclic quadrilateral. 


Let ABCD bo a cyclic 
quadrilateral and let AB “ a, 
BC-6. CD = c, DA = d. 

We know from Geometry, 
B + Z) = 180®, 

i.e.f D =* 180® - B and hence, 

sin D = sin (180® - B) 

“ sin J5 ; 

and cos D = cos (180® - B) 

®= - cos B. 



Now, quad. ABCD = A ABO + A-4DC 

= 4a6 sin B + icd sin D “ \{ah + cd) sin B, ••• (l) 

[ sin D = sin B ] 

Again, from AAJBO, AG^ =a® +6^ -2ab cos B 
and from AAOD, AC^ = c^ +d^ - 2cd cos D 

= c^ +d® + 2cd cos B, 


[ cos D=* - cos JB ] 

c® + d® + 2cd cos JB = a* + 6® “ 2a6 cos B, 

2(a6 + cd) ^ 


cos B* 


( 2 ) 


TI ‘ 27, 1 «7, 7 ra®+6®-C®-d®\» 

Hence, sm H - 1 - oo8*B = 1 - J • 

_ {a(a6 + cd)l* - (a* + 6® - c* - d‘)‘ 

Mab + ed^ 

Mt +cd) + (a* + 5* ~ c* — d^)H2(o6 "ted)— ( a* + 6* ~ c* “id®)} 

4(a6+cd)* 
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« _?>)_- (ol + - 2ca?)H(c^+i! + 2cd)- {a^ + b^-2ab)} 

4(a6+cdj® 

« {(« + W* ” " dYWifi + -{a- by\ 

4(a6 + cd)® 

BB + c " " ^2)(a + 6 — c + ^)(^+ ~ fe) (c + ^ + ft), 

4(a6 + 6*62)® 

Let a + ft + c + d = 2s ; then 

a + ft + c“d = a + fe + c + ci — 26? = 2(s “ d). 


Similarly, a + + 6? - c = 2(s - c) ; a + c + 6? - 6 = 2(s - 6), 
and & + c + d - 6* = 2(s - a). 


Hence, sin 


2 d .16(s-a)(5*fc)(.9-c)(s--d) 


4(aft + cdY^ 


smS- (3) 

Substituting this value of sin B in (l), we have the area 
of the quadrilateral ABGD 

*= V(8-a)(s-b)(s-c)(B-d). 


Note. Tho expression for the area of a quadrilateral was dis- 
covered by Brahmagupta, a Hindu Mathematician of the sixth 
century. 


* 38. The diagonals and circmi-radius of the cycUo 
quadrilateral. 

Let X, y be the lengths of the diagonals AG, BD of the 
cyclic quadrilateral ABGD, 


Prom the above figure, ( fig of Art. 37 ) 

40® = a® + ft® - 2aft cos B 

. ,r.® + fe®-c®-d® 

on substituting the value of cos B from (2), 
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(a® + ft®)c<i + (c*+_d®)a& /.v 

db + cd ‘ ■" '' ' 

,, (ac+bd)^d +b c ). ... 

ab + cd ' ' 

Similarly, it may be shown that 
2(ad + he) 

- ( 6 ) 

From (5) and (6), =(ac + 6d)®. 

/. xy^ac+bd. ••• (7) 

This is known as Ptolemy's* Theorem. 

Let p be the radius of the circle circumscribing the 
quadrilateral ABGD ; then it is the same as the circum- 
radius of the triangle ABG ; hence 


2 sin B 


1 f (ab + cdXac-f bd)(ad + bc) \ ^ 
4 I (» - a)(8 - b)(8 - c)(8 - d) J 


on substituting the values of AG and sin B. 


89, Area of any quadrilateral. 

Let S denote the area of the 
quadrilateral ABGD and let AB = a, 

BG^h,GD--c, DA = d. 

By equating the two value^ 
of BD^ found from the As BAD, 

BGD, we have 

+ d® - 2ad cos A = b^ - 2bc cos C. 

a® + d® ■“6®-c* = 2ad cos il-26c cos C. ••• (9) 

*Ptol6my, a odobrated astronomer^ who flourished in 139 A. D. did 
many xesearohes in Astronomy, Trigonometry and Geometry. 
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Now, S = AABD + ABGD 

= iad sin A + \bG sin C. 

4iS = 2ad mi A + 2bc %in C. ••• (lO) 

Sqaaring (9) and (lO) and adding, 

= + 4fe®c® “ Sabcd cos {A + C). ••• (ll) 

Let id + 0 = 2a, 

then cos (-4 + C) = cos 2a = 2 cos^a - 1. 

the right side of (ll) 

= 4a^i^ + 4/)®c^ + fyibcd - 16a6cd cos®a 
= 4(arZ + - IQabcd cos^a. 

Hence from (11), we have 

16S" = 4.{ad + bcY - -^d^ - b^ - c^Y - 16a6cd cos®a. 

Now, as in Art. 37, it can be easily shown that 

^{ad^bcY - +d^ - b^ -c^Y 

= 16(s - a)(6* - h){s - c)(s - d ) ; 

•% S - [(s -a)(s-b)(s"c)(8-d) -abed cos® aP ••• (12) 

Cor. This expression for the area shows that the quadrilateral of 
u'hich the sides are qiven^ has its area greatest when a = Jip, that is 
whore 2a or A+C = w ; in other words when the quadrilateral can he 
inscribed in a cwcle (i.e., is cycUc), 

Note. On putting d=0 in the formula (12), we get the expression 
for the area of a triangle, since in this oase the quadrilateral reduces 
to the triangle ABC, 

Ex. 1. Find the area of a quadrilateral which can he inscribed in 
one and circumscribed about another circle, [ C. P. 1927, ] 

If the circle inscribed in the quadrilateral ABCD touch the sides 
AB, BC, CJDt DA at the points .®, P, 0, H then, we have 
AE^AH, BE^BF, CF=CG, DG=DH, 
AE+BE+CQ+DQ=AH+BF+CF+DH, 
i,e,, AB+CD^BC + AD, or, a+c^b'id. 
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Hence, 5 = J(a + 6+c + d) = a + c=6 + d. 

s-a—CfS—b—dt s—c^a, a—d^h, ••• (l) 

By Art. 37, the area of the quadrilateral ^hich can bo inscribed in 
a circle is 

^(3—a)(s—b)(s—c)(s—d). 

Hence, substituting the values of a —a, a—b, a~~c, a—d from (1) 
the required area is equal to Jab^, 

Ex. 2. A BCD is a cyclic quadrilateralf the circle having unit 
radius ; a, jS, 7 being the angles subtended by AB, BC^ CD at the circum- 
ference, prove that 

area of ABCD=2 sin 0+7) sin (7+ a) sin (a+jS). 

0 being the centre of the circum-circle, Z.i40B = 2a, Z.BOC = 2i3, 
^COD = 2y and so Z.-40D=2(ir— a — 7). 

Now, area of ABCD- £^AOB+ ABOC + ACOD+ ADOA 

= J{sin 2a + sin 2j8 + sin 27+ sin 2(Tr — a — /S — 7))- 
[ *.• i40-B0=a0=2)0=lhere] 
= J{sin 2tt4-sin 2j3+sin 27 -sin 2 (a + 18 + 7 )} 

= sin (a + /3)oos (a-j3)-bin (a + i8) cos(a+/3+27) 
= 2 sin (a+/8) sin (a + 7) sin (i8+7). 

40. Circum-radiuB, In-radius and area of a regular 
Polygon. 

(i) Let 0 be the centre 
and B the radius of the circle 
circumscribed about a regular 
polygon of n sides, of which 
AB{ = a) is one side. Join 
OA, OB. 

Draw OM perp. to AB ; 

then 

AAOM’-iAAOB=l’^’*= -• 

2 n n 

a X 

R-OA-AM cosec AOM— r cosec -• 

2 n 



( 1 ) 
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(ii) 0 being the centre and r the radius of the circle 
inscribed in the regular polygon of n sides, of which AB 
( = a) is one side, 


AM==BM^ 


and Z.AOM^iZ.AOB^ - as before. 

n 

r = 0M= AM cot f cot -• 

2 n 

(lii) Area of the polygon = » x area of t^AOB 

“ n.^AB.OM = ^ cot ^ 

n 

na^ . X 
- — cot-- 

Substituting the value of a from (l) and (2) in (3), 

1 w ^2 • 2^ 

area is also = ^ it sin 

2 n 


and 


2 i. ^ 

* nr ran - • 


( 2 ) 

(3) 

(4) 
( 6 ) 


EXAMPLES V 

1. Show that the area of a quadrilateral is equal to 
half tlie product of the two diagonals and the sine of the 
angle between them. 

2. If Xj y be the diagonals of a quadrilateral and a the 
angle between them, show that 

2xy cos a — (a® +d*). 

3. Show that the area of a quadrilateral whose dia- 
gonals are x, y is 

- (a® + c® - fe* - <i*)®}^ [ P. IL 1935. ] 

4. If 0 be the angle between the diagonals of a quadri- 
lateral, show that the area is 

+d®)} tan 6. 


5 
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5. If p be the radius of the circle which can be inscribed 
in a cyclic quadrilateral, show that 


^ 2 Jahcd 
^ a+6+c+d 


/ ahcd_^ 

l(flt + c){b + d)] 


[ P\ H. 1934. ] 


6 . Show that if a quadrilateral of given sides be sucli 
that a circle can be inscribed in it, the circle is the greatest 
when the quadrilateral can be inscribed in a circle. 

7, If a quadrilateral circumscribe a circle, prove that 

4 iS'® - {ac-hdY. 


8. If AB^ BGt GD are three sides of a quadrilateral of 
lengths a, 6, c respectively, and if Z.ABG = a, Z.BGD == P and 
tJie angle between AB and UG produced is y, prove that 

AD^ = a® + + 6® - 2ab cos a - 2bc cos P - 2ca cos V. 

9. Show that the area of a quadrilateral which is 
circumscribed about a circle is Jahcd sm a, where 2a is the 
sum of a pair of opposite angles. 

10. If 6 be the angle between tlie diagonals of a cyclic 
quadrilateral, show that 

. _ 2 /s/(s - a)(s - h){s “ c)(s “ d) 

sin t? — , , . — 

ac + bd 


If the same quadrilateral can also be circumscribed 
about a circle, prove that 


cos 6 


ac - 1)d 
ac + bd 


11. If the diagonals of a cyclic quadrilateral ABGD 
intersect at 0, show that 

jOil J)B OG_ 

DA.AB “ AB.BG BG.GD “ CD.DA 

12. If p be the radius of the circle inscribed in a quadri- 
lateral whose area is S 

^ S ^ S ^ S ^ S 

13. If the quadrilateral ABGD is circumscribable, prove 
that Jab sin iB- Jed sin iD. 
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14. A diagonal of a quadrilateral makes angles a, P with 
the sides at one of its ends and angles y, 6 with the sides at 
the other end, the angles a, V being on the same side of the 
diagonal. If 0 be the angle between the diagonals, show 
that 

, - ^ cot a + cot iS + cot y + cot S 

cot a cot (5'^cot cot y 

15. A quadrilateral is such that it can be inscribed in 
one and circumscribed about another circle. If E and r be 
the circum-radius and in-radms of the quadrilateral, and a; 
the distance between the centres of these circles, show that 

16. A quadrilateral is foAed of four jointed rods of 
lengths Of b, c, d. If tiie area of tlie quadrilateral when the 
angle between a, 5 is a right angle is equal to the area when 
the angle between c, d is a right angle, show tliat 

oh = cd, or, = c* + d®. 

17. If an equilateral triangle and a regular hexagon have 
the same perimeter, prove that tlu'ir areas are as 2 : 3. 

[ C. P. mh ] 

18. Prove tliat the areas of two regular polygons 
of n sides and 2n sides and of equal perimeter are as 

n 2 ^ 
cos : cos - • 
n 2n 

19. (i) Two regular polygons of n sides are respectively 
circumscribed about and inscribed in a circle. Prove that 

their areas are as 1 : cos^ ” • 
n 

(ii) If pi, P 21 2^3 ^0 the perimeters of the circumscrib- 
ing polygon, the circle, and the inscribed polygon, then 

n 71 71 ^ 

Pi :P 2 :p 3 “sec : - cosec : 1. 

n n n 

20. If Tn and Bn denote the in-radius and circum-radius 
of a regular 7»-gon of given perimeter, prove that 

(0 2r,.-»n + 2?n. 

(ii) = 



MISCELLANEOUS EXAMPLES 1 


Solve {Ex. 1 to 9 ) : — 

1. cos X + cos 3a: + cos 6x + cos 7x = 0. 

2 cos X cos y = l, tan x + tan y = 2. 

3. cos 3a; + 3 sin 2a; = 3 cos x, 

4. cos^a sec x + sin®a cosec a* = 1. 

6. tan X + tan (a; + a) -I- tan (a* + p) 

= tan X tan (a; + a) tan {x + ff), 

6. tan (x + b) tan (x + a) + tan (x + c) tan (x + a) 

+ tan (x + a) tan (a; + 6) = 1. 

7. tan 6 » sin 3<f>, sin 6 « tan 3</>. 

8. cot 6 tan 29 - tan 0 cot 26 = 2. 

9 . p 8in^9-(i 8m^4f — p. 
p co8^0 “ q cos*<^> = q. 

10. If tan ax - tan bx = 0, show that the values of x 
form a series in A. P. 


Prove the following relations (Ex- 11 to 16) : — 


11. tan'^ 


( a cos 6 \ 4.-1/ d _ \ 

l-asm©/ \a-8me} 


e. 


, 3 sin 26 

tan RJ.O- o 


13. tan-S-^^'” 

1 + tan X tan y 

14 . + 

1 -h cos X cos y 


1 -1 sin 2a; + sin 2 y 

® 1 + sin 2 x sin 2 y 

2 tan"^ |tan | tan | j • 

[ 0. P. 1946. ] 
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15. cosec" ( I tan-" + \ sec" ( ^ tan'" ^ ) 

= (x ^y){x^ + y^). 

16. 2 cot”^ 5 + cot"^ 7 + 2 cot”' 

17. If sm^x + sm^y-i\ then show that (2n + l)in is 
one of the values of z whicli satisfy the equation 

z = sin”'’ (sin x + sin y) + sin"'’ (sin x - sin y). 

18. If tan”'^ + tan" 'q + tan'^’r = i;r, show that 

qr + rp + pq = 1 . 

19. If cos”' - + cos”' H ^0, tlien show that 

a h 

- ^7 cos 0 + IIJ “ siii"0. [0. H. 1943. ] 

a ab y 

20. Solve (0 cosec"' cosec”' a + cosec"' 6. 

(ii) cos”' a; + co&"' 2a: = in, 

C In the following examples in the properties of a triangle, letters 
hare the same <iignificance as in the preceding Articles, ] 

21. If X, y, z are the distances of the ortho-centre from 
A, B, G respectively, show that a* +a;® =6® +y® — c® + «:®. 

22. If p, q, r denote the sides of the then 

I JL j. 

show that 2 "'' 2 '' 2 "^ !• 

p q r pqr 

23. Show that in a triangle 

2&C + 2ca + 2a6 - a® ~ 6® - c® «* 4r® + 162?r. 

24. If X, y, z be the ratios which the sides a, 6, c of 
a triangle bear to the j^rpendiculars on them from the 
opposite angles A, B, C, then - 2Syz + 4 = 0. 
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25 . Prove that the in-radius of A is 

2E {sin \A + sin + sin \C - 1}. 

26 . If IG be parallel to PC, show that = 3r. 

27 . Prove that 

(i) AN^ + - a*). 

(ii) OP*«=9Ji’’-a®-6*-c®. 

(iii) 07® = Ji® [3 - 2 U cos A]. 

(iv) 0/® + Oil ® + Ola ® + O/a ® = 122?® . 

(v) ^I® + ^7i* + 4Za®+4l8®-=162?®. 

(vi) NA^ + NB^ + 270® = i?® ( V + 2 cos A cos B cos 0). 

(vii) NT + NI^ + NT 2 + NT a = 62?. 

(Tiii) AG^ + BO® + OO® = #2?® (1 + cos A cos 2? cos 0). 


28. If ilP = r, prove that the circum-circle cuts the 
escribed circle opposite to A ortho^^onally. 


29. 


Prove that 


2A.1PC 

Allises 


a cos A-^b cos P + c cos 
a + b + c 


30. The internal bisectors of the angles of a triangle 
ABG meet the opposite sides m P, P, F ; show that the 
2Aabn 

{b + c)(c +- a)(a + b) 


area of ADEF‘ 


8t. DEF is the triangle formed by joining the points of 
contact of the in-circle with the sides of t^ABC ; prove that 

(i) its sides are 2r cos 2r cos iP, 2r cos \C. 

(ii) its angles are \n ~ ^ - iP, in - JC. 

1 T 

(iii) its area is ^ ^ A. 


32. If p, Px, P 2 f Pa are the in-radius and ex-radii of the 
pedal triangle, then 

PiPflPa^ ^i^gya 
P B* 
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33. A straight line AB drawn through A meets the base 
BC in D ; 

if BB : CB = m : n and if ABAB = a and A.GAB = ^, and 
if AABB = B, then show tliat 

(i) (m + n) cot B = n cot ^ - m cot a, 

(ii) {m + ?i) cot B = m cot 0 - w cot B, 

(ill) If B be the middle point of BG^ show that 

cot a - cot ^ = cot B “ cot G. [ G. H, 1936, ] 

34. If the medians of a triangle meet the opposite sides 
in E, Ff and if G be the centroid and if the angles BAB, 
CBFj, AGF are B, </>, v and the angles GAB, ABE, BGF 
are B\ 4 /, y>\ prove that S cot 0 ■= S cot 0'. 

36. If a, h, c, d be the lengths of the four sides of 
a quadrilateral and if 0 be the angle between their diagonals, 
and if a® + c® « 6* + tZ®, show that 0 = 90®. 


36. If pi, p> 2 % Pst P 4 . be the perpendiculars from the 
angles of a quadrilateral upon the diagonals or, y, and if 0 be 
the angle between the diagonals, show that 

sin [ P. H. 193B. ] 


37. If ABGB be a cyclic quadrilateral, prove that 
2 B _{s- a)(s ~ b) 


tan 


2 (s - cj(s - d) 


38. If 0 be the angle between the diagonals of a cyclic 
quadrilateral, prove that 


tan® 


0 

2 


(s-Ms-d) 

(s-a){s-c) 


» or. 


(s - a) (s - c ) 

U-bh-dY 



CHAPTER VI 


COMPLEX QUANTITIES 

41. Complex Number and ita Geometrical repre- 
sentation. 

A quantity of the form a + where a and h are real 
quantities, and = - 1, or, i= J-1 is called a complex 
quantity, Tf — 0, the quantity is purely real, whereas 
if a=0, the quantity is purely imaginary. A complex 
number is therefore the most general type of numbers 
which includes as special cases, purely real and purely 
imaginary numbers. 

The complex quantities a + ib a nd a - i b are defined as 
con jugate to one anotlier. 

The complex number a^^ib can be zero only when a and 
h are both zeros. 



In order to represent a real number geometrically, 
a straight line XOX^ (called the real axis) is taken with 
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a fixed point 0 on it chosen as origin. A definite length OA 
measured along OX being taken to represent unit, a real 
number x is represented by a point N on OX such that 
ON 

OA ^ negative, N is to be taken to the left of 0, 

and if positive, to the right. Thus all real numbers will be 
represented by points on tlie straight line OX, ?.<?., in one 
dimensional space. 

For geometrical representation of complex numbers of 
the type x + ft/, which involve two independent variables 
rand ?y, we naturally require a two-dimensional space. Let 
XOX' and TOY' be a set of rectangular axes in two-dimen- 
sional space, where XOX' maf^ bo taken as the real ii.xis . 
To represent a purely imaginary number wo notice that 
if we take a line OM along OX to represent the real number 
i/, then z.ii/, ov, - y will bo represented by an equal 
length along OX', In other words, to represent i^y we 
simply rotate OM (representing the real quantity y along 
OX) through two right angles. Multiplication by i twice 
successively amounting to a rotation through two right 
angles, it is naturally suggested that multiplication by i once 
would be best represented by a rotation through one right 
angle. Thus to represent a purely imaginary quantity iy, 
the best way should be to measure ofT the real quantity y 
along OX, and then turn it through a right angle, so that 
'iy* is represented by taking a length OM { = y) along OX, 
which is called the imaginary axis. 

A complex number z=xi- iy being given, if a point P in 
the plane of the axes XOX', YOY' be taken with Cartesian 
co-ordinates x, y, then P corresponds uniquely to the 
number z and is called the point z which it geometrically 
represents. Thus corresponding to every given complex 
quantity, there is a unique position of the point P which 
represents it, and conversely every point in the plane 
represents a definite complex number. In particular, points 
on the a;-axis correspond t6 purely real numbers, for which 
y is zero, and points on y-axis to purely imaginary numbers, 
for which x is zero. 



74 


HIGHEE TBIGONOMETBY 


Tlie figure containing the real and imaginary axes, in 
the plane of wliich complex numbers 'z are geometrically 
represented as above, is called the Argand Diagram, and 
the plane is spoken of as the z-phne. 


42. Modulus and Amplitude. 

Let r, 6 be polar co-ordinates of P which represents 
a complex quantity z^x-hig, so that r is the positive 
value of OP, and 6 is the vectorial an gle XOP, traced out 
by a radius vector wliich revolves either positively or 
negatively from the initial position OX till it coincides 
with OP. 

Then r or OP - + + is called the Modulus of z 

and is written as mod. z or \ z \ ; B is calle d the Amplitude^ 
or Argum ent of z and is written as amp, z . The amplitude 
can evidently have an infinite number of values differing 
from each other by complete multiples of The value 
which satisfies the inequality 

— <C 0 ^ 

is called tlie Principal value of um j^^ 

Unless otherwise mentioned, by amplitude of a complex 
number we mean its principal value. 

Since x = r cos d,y = r sin B, we evidently have 
z = x + iy = r (cos B + i sin B) 

= [ See Art. 59 ] 

an equation which expresses the complex quantity z in 
terms of its modulus and amplitude. 
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43. - Addition and subtraction of complex quantities. 



Let Pi and Pa represent the complex numbers 
z^ = Xi+iiix and respectively. 

Complete the paralleloj^ram OPiPPa with OPi and OPa 
as adjacent sides. Then since the projection of OP on any 
line is equal to the alf^ebraic sum of the projections of OPi 
and PiP, i.e„ of OPi and OPg, it is evident that the co- 
ordinates of P are Xi_ + X2 and respectively. Hence 

P represents the complex number {x^ +iC2) +®(2/i +l/2)« 

But, Z:i+Z2-0Sx’^ iVx + a?2 + *2/2 

“ (flJi + flJa) ^ivi 2/2)* 

Hence the point P which is the extremity of the 
diagonal of the parallelogram having OPi and OPa as 
adjacent sides represents the sum of the two complex 
numbers represented by Pi and P9 in Argand’s diagram. 

A complex number z = x + iy being represented by a point 
Pfei y), the number ~ z^ ^x-iy will be represented by Q, 
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(-a?, -y) which is clearly the diametrically opposite point 
of P, obtained by producing PO through 0 to Q, making 
OQ = OP. 

Now subtraction of two complex numbers Z:i and Z2 
may be treated as the addition of the numbers z^ and - z 2 
according to the parallelogram law as before. It can now 
be easily geometrically verified that 

if z — Zx^Z2t then z^= z + Z2i 
or, Z2 - 


With reference to addition and subtraction of complex 
quantities, two very important theorems are of great practi- 
cal importance. 

Theorem I. The modulus of the sum of any number of 
complex quantities is less than or at most equal to the sum 
of their moduli. 

In other words, 

\ Z2’t‘ + z,i \ < \ z^\ + I ^2 I + ••• + \ Zn\ 

Proof. Since from geometry, OP >* OPi + PiP 

2.C., > OP1 + OP2, where P represents the sum of 
the complex numbers represented by Pi and Pg, it follows 
that 

I 3 i +«2 I > I I + I S2 I 

In the same way 

I «1 + 29 +«8 I < I •2i+«a I + Us I 

^ Ui I I I ■*" I I 

Similarly 

Ul + «a + + 2 n I < I 2 i I + I 29 I + + Uni 


'If OPi and OPa be in the same line, OP**OPi+OPa. 
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Theorem II. The ^nodulus of the difference of two 
complex quantities is greater than or equal io the difference 
of their moduli^ 

Le., “^2 I > I -1 I I -2 I 
For if I I > I 5^2 I f 

I I “ I - ^2 + ^2 I < I " ^2 I + 1 ^ 2 ! 

Hence I “^2 I ^ I I “ I ^2 I 
Similarly, for the case \ Z2 I > I I • 

44. Multiplication of complex quantities. 



Let and jer2 be two complex quantities, which express- 
ed in terms of their moduli and amplitudes are 

(cos 0i +i sin Oi), Z2 = r2 (cos 62 + i sin 62)- 
Now the product of two complex quantities is defined 
in such a way that it follows tlie ordinary rules of multi- 
plication in Algebra subject to the condition, i^ = - 1. 
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z=ZxZ2 “^1^2 (cos +i sin 0 i)(cos ^2 sin ^2) 
[cos (01 + 03) + ^ sin (01 +02)]* 
Similarly, if 2i, z^^ Zn be any number of complex 

quantities, their product will be a complex quantity given by 

z=Zi^Z2-»^Zn-rtr2.-.rn (cos 0i +1 sin 0i)(cos 02 +2 sin 03) 

(cos 0,1 + i sin On) 

= r±r2 . . .»n [cos (0 1 + 03 + ••• + 07i) + ^ sin (01 + 02 + • • • + 0,1)] 
- R (cos © + i sin 0), 

/Chere B = rira....rn 

0 *=01 + 02 + ••• + 0 ^. 

Thus 


^ (1) the modulus of the product of any number of complex 
quantities is equal to the product of thetr moduli ; 

v(ii) the amplitude of the product of any number of 
complex quantities is equal to the sum of their amplitudes 
(or differing from it by multiples of 2 n if we consider the 
principal values in all cases). 


To express geometrically the operation of multiplying 
one complex number Zx represented by the point Px by 
another Zq represented by the point Pg, we see that if x 
P represents the product z of Zx and Z2, then its modulus 
0P = 0Pj.0P2 

and LPOX^ LPxOX^ LP2OX, 

Now if OA be taken along OX to represent unity, we get, 

oh~°iA Li.OA. 

Thus the triangles POP 2^ PxOA are similar. 
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Hence to get the product of the two complex quantities 
represented by Pi and Pa, take OA along OX to represent 
unity, and on OPa construct a triangle POPa similar to 
Pi 0 - 4 . Then P represents the required product. 

Another way is to turn OPa through an angle Pi OX, 
and then alter its length in the ratio OPi : 1, whereby OP 
will be obtained, representing the product. 

Cop. a real quantity may be taken as a complex quantity of 
amplitude zero, of modulus equal to its magnitude. Hence multipli- 
cation of a complex quantity 2 ^ by a real number 7c means simply a 
change in its modulus m the ratio Tc without altering its amplitude. 

45. Division of one complex quantity by another. 

The complex quantities — (cos + i sin 0i) 
and 5:2 =r2 (cos dfl + i sin dg) being given, their quotient 

I s: j «= p (cos d + / sin d) is a complex quantity wliich when 

multiplied by Z2 gives z^. Hence from the above article 
prg — ri and di*=d + d3, 

«.e., P = d = di-d2 

and ^ [cos (di - dg) + i sin (di - d^)]. 

Z 2 ^2 

Thus, the modulus of the quotient of two complex quanti- 
ties n the quotient of their moduli ; and the amplitude of 
the quotient is the difference of their amplitudes (or differing 
by 27 f), 

Cor. As a particular case, the reciprocal of a complex quantity 
z is 4 where , ^ - and amp. * -amp. z, as can be verified 

easily, remembering that the real number 
1»1 (cos 0+f sin 0). 
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46. De Moivre’s Theorem. Prom Art. 44, it follows 
that if n be a positive integer, 

(cos 0 + i sin 0)” being the product of a compleis number 
of modulus unity by itself n times in succession 

= co8 (0 + 0 + *'*w times) + ^ sin (0 + 0+ •••w times) 

= cos nO + i sin n0, 

which is De Moivre’s theorem for a positive integral index 
[ see Art. 48 ]. We can extend it to the case of any real 
index with necessary modification. 

As multiplication by a complex quantity of the type 
cos 0 + i sin 0 with modulus unity means a rotation through 
an angle 0 Art. 4<t abov^X De Moivre’s tlieorem for 
a positive integral index after all expresses algebraically the 
geometrical fact that to turn a line through the same angle 0, 
n times successively, has the same effect as turning the 
line through an angle nB. 

47. We conclude with two very important Theorems 
on the functions of complex numbers. 


^/^heorem I. Any rational function B(z) of a complex 
variable z( =a; + z 2 /) can be reduced to the form X+iY where 
X and Y are rational functions of x and y with real co~ 
efficients. 


Proof. Any rational function B{,z) by definition of 


a rational function, is reducible the form 


P(^), 

Q{z) 


where 


and Q{z) are polynomials in z. A polynomial in consists 
of terms containing integral powers of z with constant co- 
efficients (which may be real or complex). Now 2” = (a; + «y)” 
for positive integral values of n can be reduced to the form 
A + iBt where A and B are rational functions of x and y, and 
this when multiplied by any coefficient, real or complex (of 
the form a + ib), retains the same form. Thus P{z) and Q(z) 
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ultimately reduce to the forms A + iB and C + iD, where 
A, B, C, D are rational functions of the real quantities 
X and y. 


Thus B (x) 


P(z) A + iB U + iB){C - W) 


_AG + BD .BG- AD 




eorem II. 


Tf B(x + iif) — X+iY, where B is a rational 


function of the complex quantity x + iy with real coefficients, 
then B{x-iy) = X-iY. 


Proof. It is clear that (x + iyY^, where w is a positive 
inte{*er is reducible to the form A + iB where A and B are 
rational functions of the real quantities x and y, and replac- 
ing iy, by -iy, we easily see that (x-iy)^ will reduce 
to “ iB, This continues to be true even if there be any 
real coefficients with (x-^iy)”’. Thus every term in any 
polynomial in x + iy with real coefficients will reduce to 
the form A + iB, and the corresponding term of the same 
polynomial in cc “ iy will reduce to -4 - 


Hence any polynomial in x + iy with real coefficients 
being always reducible to the form A^ +iBi_, the same poly- 
nomial reduces to Aj, “iBx, when i is replaced by 


Now, + = + 


[ where P and Q are polynomials 
which are in this case with 
real ooeihoients. ] 


A + iB AG + BD .BG- AD 

0 + 40°^ G’‘+D‘ * C^ + D‘' 


^X+iY iasm Theorem I ] 


and B{x- iy) 


P - iv) A'-iB [ ^hat has been 


^This is not true if the coeffioients are complex. 
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_ (A -iB)(G + iP ) _AG + BD .BC-AD 
• C^+2)“ C'1+D^ 

= X-iY. 

Hence the theorem. 


EXAMPLES VI 

1. Show that the representative points of the complc?: 
numbers 1 + 4 ?, 2 + 7 ^, 3 + iOi are collinear. 

2. Prove that 

{x + y + z){x + 2/ct)® + zo^{x + 2/£o + zo>^) = x^ + y^ + - ^xyz, 

where o) = i ( - 1 + ? ^3). 

3. Express the following in the form X+iY^ where X 
and Y are real numbers : 


(a + tb\* 

{a-ih\ 

\a-tbl 

\a + ih) 


where a and h are real. 


(iii) 


a + Pz 


y + dz 

where = a; + and a, /3, y, 3, x, y are real quantities. 

4. Prove that 

\a + b\ ‘+ |a-6 r = 2{ la| “+ 16 1“}. 
where a and b are any two complex quantities. 

Deduce that 

I a + I + la- 1*= |a + 6| +|a-6| 

5. liz^ and Z 2 are the roots of + 2/9-3 + y = 0, then 

I 2i I + I I I a| I +1 Vayl K 
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DE MOIVRE’S THEOREM 
48. De Moivre’s Theorem.'^ 

For all real values of n, cos n6+i sin nd is a value of 
(cos 6+i sin 

Written more fully, the theorem states that “7/ n be 
intoqral, pojitive or wfjativr, the value of (cos 0 + i sin S)^ is 
cos nS + i sin nO ; if n he a fraction, positive or negative, one 
of the values of (cos d + i sin is cos 7 bd + i sin oid (the total 
number of values being equal to the denominator of n)”. 

Case I. When 71 is a positive integer. 

By actual multiplication, wo have 
(cos di +i sin 0i)(cos 62‘^i sin 

= cos 01 cos 02 ~ sin 0i sin 02 

+ ^(sin 01 cos 02 +COS 0i sin 02) 

= cos (01 + 03) + i sin (0i + 03), 

Similarly, 

(cos 01 +i sin 0i)(cos 02 +^ sin 09)(cos 03 sin 0a) 
= {cos (01 + 03 ) + ^ sin ( 0 a +02)Kcos 03 +i sin Og) 

= cos (01 + 02 + 03) + i sin (0i + 02 "1" 03)1 S'S before. 

Proceeding in this way, the product of the n factors 
(cos $1 +i sin 0i)(cos 02 sin 02)* ••(cos 0n + ^ sin 0«) 

= cos (01 + 02 + ••• + 0fi) + i sin (0i + 02 + * • • + On)^ 

*Called after the name of*- its discoverer Abraham de Moivre 
(1G67-1754), who was of French descent bat who settled in London 
where he gave lessons in Mathematics and ranked high as a Mathe- 
matician. 
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Put in this identity = 82 = ••• “ 0n “ 

Then, we have, 

(cos 8 + ^ sin 8)** = cos w8 + ^ sin »8. 

Case IL When n is a negative integer. 

Let w = - ?», then m is a positive integer, and 
(cos 8 + z sin 8)” = (cos 8 + 1 sin 8)“”* 

1 

(cos 8 + 1 sin 8)^" 

«» ^ ^ «* [ i>y I ] 

cos m8 + % sm m8 

^ cos w8 - ^ sin mB 

(cos mO +^ sin 7?t8)(cos m8 sin ?»8) 

s- cos fnB - ? sin m8 
cos* w8 + Bm* w8 

"" cos 7/^8 — t sin md 

= cos ( - m)B + ^ sin ( - m)B 

"■ cos nd + i sin nd, 

/Case III. When n is a fraction, positive or negative. 

Let w ® ’ where g is a positive integer and p is any 
Q 

integer, positive or negative. 

Now, |cos ^ +7 sin =cos sin (5*^)* 

[b7 Com I] 

« COS 8 + i sin 8, 

taking the gth root of both sides, 

8 8 ~~ 

COB + * sin - is one of the values of (cos 9 + » sin $) 

9 9 
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Baise each of these quantities to the pth power. Then, 
die of the values of (cos 0 + t sin o)^ 


e 

Q 


(cos ~ + ^ sin ~ j 


z.e,, 


Q 


I 

= cos ‘ ^ sin ^ > [ by Case I aiid Case II, ] 


Hence, one of the values of 

(cos 0 -hi sin O)” is cos nd + i sin i 


Thus, the theorem is com^tely established for all 
rational values of n. 

Note. Even if n bi irraiitmalt cos nd+i sin nO is one of the values ; 
of (cos 0 + i sin 6)'^, the total number of difEerent values in this caso 
being infinite. The proof depends on the fact that the irrational 
number n can be defined in an indefinite number of ways as the 
limit of a convergent sequence of rational numbers. See Hobson’s 
“Plane Trigonometry* * and Hobson’s “Theory of Functions of a real 
variable**. 


jBor. (cos d — i Bin ^)** =co3 ng-4 sin nO = (cos ^ + i sin tf)'". 
w-"' (cos m$+i sin ?/i^)" = (cos O+i sin $)”*\ 

^kx, 1. SJiow that 

(cos 20+i sifi 20)*, (cos 3^—4 54n 3^)* 

(cos 54n 30)*, (cos +4 sm 40)'*’^ 


We have, 

(cos 20+i sin 29)? -(cos 69+4 sin 69)«(oos 9 + 4 sin 9)*. 

(cos 39 “4 sin 39)* « cos 129-4 sin 129 b (cos 9+4 sin 9)”^®. 
(cos 39+4 sin 39)^ =cos 69+4 sin 69 b(cos 9+4 sin 9)*. 

(cos 49+4 sin 49)”*«oos 129-4 sin 129 b(oos 9+4 sin 9 )*^*. 
. (oos 9+4 sin 9)*.(oos 9+4 sin 9)“^* - 

• • U oTf 8iB-»)‘.(co8-»+rriir*r 
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^Ex. 2. If sm a+sin fi+sin 7«cos o+cos p+cos 7“0» 
prove that cos 3a + cos 3/3 + cos 87 = 3 cos (o + /3 + 7) 

sin 3a + sin 3/3+ sin 87=8 siji (0+/3+7). 

It is known from Algebra that, 

ifa + 6+c=0, then a* + 6® + c® = 3n6c. 

Lot a=cos o+i sin a, b = coa /3+i sin P and c = cos y+i sin 7, so 
that wo have 

a+b+c=2 cos o+i S sina=0, by the given condition. 

(cos o + i sin o)* + (cos /3+i sin /3)® + (co3 7+i sin 7)® 
e=3 (cos o+i sin o)(cos j8+i sin /3)(cos 7+i sin 7). 

by Do Moivre’s Theorem, 

(cos 3o+cos 8/3+ cos 87)+* (sin 80+ sin 3/3+ sin 87) • 

«3 cos (a+/8+7) + 3i sin (a+p+y). 

Hence, by equating the real and imaginary parts, the required 
results follow. 


49. Extraction of any assigned root of a complex 
quantity by De Moivre’s Theorem. 

In the previous Article, it has been shown that 

e 6 - 

cos - + i sin - is one of the values of (cos O + i sin O) ® I the 
Q Q 

other values can be easily obtained. Since, the expression 
cos O + i sin 0 remains unaltered if for 0 we put 0 + 2r;*, 

where r is any integer, it follows Hiat 

1. 1 

(cos O+i sin d) ® * [cos {2m + o) + i sin {2rn + d)] ® 


Since one of the values of the right-hand side quantity is 


cos 


2rn + 0 , . . 2T n + 0 

— +» sm • 

Q Q 
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by giving to r in succession, tho values 0, 1, 2, 3,... 
{q 1), we see that each of the quantities 

0 ... 0 
cos - + e sin - * 
a Q 

27t + e^ . . 27i+e 

cos + 1 sin * 

Q (1 

4n + 0 . . 4;i + 0 

cos +« sin * 

(1 (I 


2{q •” l):i + 0 , . . 2(q — l):i + 0 
^ d , 

is equal to one of the values of (cos 0 + i sin 0)^ . 

If values greater than (q-1), e.«., q, ri + 1, g + 2,... be 
given to r, then we would get the same quantities already 
obtained in (A) repeated over and over again. Also no two 
of the quantities in (A) are the same, for no two of the 
angles involved therein can have the same sine and the 
same cosine, since, no two of these angles are equal, nor 
do tlioy differ by a multiple of 2n. 

Thus, by giving to r in succession, the values 0, 1, 2, 3,... 
iq “ 1) ■' in the expression 

2r:t + 0 , . 2rn + B 

cos ^ ^ sin 

Q Q 

1 

q, and only q different values for (cos 0 + « sin 0)® are 
obtained. 

This theorem may be usefully employed in extracting 
any assigned root of any quantity by putting it in 
Be Moivre's form, that is, in the form cos O + i sin 0. 

*It may be easily seen that any q consecutive integral values may 
be given to r when the same set of values occurring in a different order 
will bo obtained for the expression. 
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50. To put x+iy in De Moivre’s form. 

• Suppose x + iy-r (cos B + i sin 0 ) ; 
then, equating real and imaginary parts, we have, 
r cos 0 = 0 ?, ••• ••• (l) 

r sin 0 = 2 /. ••• ••• (2) 

Squaring (l) and (2) and adding, r® +2/^. 

r= Va?® + 2/®. *•* (3) 

Prom (1) and (2), cos 0 = ® 


sin0= ^ = 




Thus, r and 0 are determined. 


Particular cases. 


(1) I = cos0+isin0 

(2) - 1 = cos 71 + ^ sin n 

(3) i = cos \n + i sin hn 

(4) - i = cos in + i sin in 
or, = cos in-i sin Jji. 


Note 1. It is conveniont to take the positive value of the square 
root Jx* + 2/^ ; then 6 must be taken in that quadrant which makes 
cos 9 of the same sign as of x and sin 0 of the same sign as of y. 
Whatever be the values of x and 2/* there is one and only one value 
of lying between -ir radians and +ir radians, which satisfies the 
equations (4) and (5). i*- 


Note 2. Since the expression cos 0+i sin $ remains unaltered if 
for 0 we put d+29nr, where n is an integer, x-^iy can also be expressed 
in the more general form r{cos (2nx+rt+* sin {2nr+0)}, 


F^nd all the values of 




[ a. p. im, '38, ] 
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l+i=r(co8 6 -hi ain $) ; then r cos r sin $^=^1, 
r® =2 and /s/2 ; COB ^2* sin ^ = 
l+i« /s/2 (cos Jir+i sin Jir), 
and (1 + i)^ = 2^ (cos Jir + 1 sin Jir)^ 

= 2^^003 (2nir + Jir) + 1 sin (2nir+ 

ef&l- 

Putting w=0, 1, 2, the re^inired values are obtained. 

y^i) 0+i sin 0)^= (cos 2»ir+i sin 2nir)^ 

2nir , . 2nir 

«=C 08 ^ +tain • 

Giving to n the values, 0, 1, 2, the reciuired values are 

^ ^ 2ir , . 2v 4Tr , . 4ir 

oos 0+4 sm 0, cos ^ +4 sin ^ • cos ^ +4 sin > 

4.e., 1, J(-l+ j), J(~l- 

^ Ez. 4. Prove that the roots of the equation ®^° + lla;’ ~ 1 = 0 are the 
values of ^ *^2 ^(^os Bin where r is an integer. 

[ O. H. 2932. ] 

Erom the given equation, we get 

0 ^y:_^m_-ll±5N/5 -176+80_/s/5 

® “ 2 “ 2 “ 32 

-(* f <“■ ■'» 

. * . a; = ~ ^ 2nr}^ 

which b 7 De Moivre's Theorem 


1/ 2r7r ... -r - . 
^cos-^±4 8in-g y 


, ?r»\. 

2 


where r is anj integer. 
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Note. It may be seen that for different intogral values of r, 
positive or negative, the expression has only ten different values which ^ 
are the ten roots of the given equation. 



6 .) !/«+ ; 


= 2 cos 0, show thatx'^-h «=2 cos n6 

X 


X + 


^ = 2 cos d. 

X 


.'. aj® “2a; cos ^ + 1 = 0, 
whence, a;=cos e± /v/cos'*tf“l*=cos 9±% sin 6. 


Taking the + re sign, a*’'+^„ = T“+ic"’‘ 

= (c03 d+i sin ^)"+{co3 ^+i sin 6 )~^ 

=-{cos nO + i sin 9/d)-+-{cos ( — sin (— wtf)}* 
= coa n0+i sin w^+cos n9— i sin nd 
= 2 cos n9. 

Similarly, with - ve sign, the same result easily follows. 


1 Ex. 6. If cos a+cos p+cos y=sm a+sin /3+sm 7=0, then 
21 cos 4a = 2 2 cos 2(/9+7), 2 sin 4a = 2 2 sm 2(j9+7). 

Let cc=coB a+i sin a, ?/=cos /S+i sin /3, s = co8 y+i sin 7. 

• x+y+e—1 cos 0 + 4 2 sin a = 0. 

. ' . + 2z®a:® + 2®® 2/* — — y* — s* = 0, 

i.e., 2®* = 2 2 or, 2 (cos a+i sin'a)^ 

= 2 2 (cos /3+i sin jS)*(coB y+i sin 7)*, 

or, by De Moivre*s Theorem, 

2 (cos 4a+i sin 4a) = 2 2 (cos 2j9+i sin 2)9)(cos 27+ i sin £7) 

= 2 2 {cos 208+7)+® sin 2(18+7)}. 

Now equating real imaginary parts on both sides, the results 
follow. 
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EXAMPLES VII 

the general value of 0 which satisfies the 

equation 

(cos 0+i sin d)(co3 20 + z sin 20) •••(cos n0 + z sin 9Z0) ** 1. 
^Express in the form x + iy. 

2.J^) If a: + ^ = 2 coa 0, and t/+ ^ = 2 cos prove that 
cos (O + <fi) is one of the valnes of 2 ( 

iC^ 7/** 

of the valnes of is 2 dos (mO - n4>). 

^ If a = cos 0+i sin 0 , & = cos 4> + z sin <f>, find the 
values of cos (0 + 4)) and cos (0 - <l>) in terms of a, b. ^ 

Prove that 

mm m / t \ 

(a + ii)'‘ + (a-*5)'*“2(a“ + 6=)“'*cos( - tan"^ -)• 

\7l d f 

/^fl +sin 0 + ^' 008 01 ” Inn . Inn A 


= (sin 0 + i cos 0)”. 


[ G. P. 1946. ] 


4. If Xr == cos ^ ^ sill 2 ^’ prove that 

a5i®2®8”- to infinity = -1. [G. P. 1943, *51.] 

^ If {dx + *6i)(a2 + + i6n) ■“ -4 + zB, 

(i) tan“^^ + tan“^^ + ••• + tan*"^^- ■•tan“^'§' 
dx ^ d2 dn A 

^ (fli ” + bx %a * •*• 6a *)-(an* + 6n*) * 4 ® + J5*. 
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Find the equation whose roots are the wth powers 
of the roots of the equation 

a® -2a? cos 0 + 1 = 0. 


7. If 2 cos a-a + a"^, 2 cos i5 = 6 + fe"^ etc., 
show that under certain conditions, 

^ 2 cos (a+/9 + y + •••) = a6c”' +^^^- • [ C.P. 1934,1 
^ J&ij 2 cos (pa + q/3 + ry + •••) ■" a^b^c^- • • + 


8. Simplify 

{cos a - cos P + i (sin a - sin 

+ {cos a - cos j5 (sin a - sin jS)}”. 

If (l +a?)” = po + 2 >i«+P 2 ®* + •••» show that 

n 

Po "^2 +1^4 cos inn. 

n • 

Pi " Pa + Ps “ *** = 2^ Bin iw*. 

[ 0. H. 1937. ] 

Find all the values of 
’(0(1 + *)^. iC. P.1931.} 

^ (ii) (1 + t)^. [C. P.1940.'] 

p(ui) 

O(iv) (-1)^. 

11. Prove that the 7ith roota»of unity form a series 
in G. P. 


12. Using De Moivre's Theorem, solve the equations 
Xi) a?^+a?*+a?® + l = 0. 

^(ii) ®® + a;® +®^ + a;*+aj®+ic + l = 0. 



DE IfOIVEE’S IHEOBEK 


93 


0 43. Prove that Va+tb + V(i~tbhtkS n real values, and 
find those of Vl+ ^/-3 + 5/l- 

If n he a positive integer, prove that 


a + t)" + a-*)“=2»‘'%osi;OT, 


..r*. 


15^0 1 If !r = co8 a + 4 sin a, }/ = cos ft +t sin jJ, and 


z *= cos y + « sin y, and if a? + y + 2 ? = 0, then ^ ^ ~ — 0. 

X y z 


If sin a + sin i3 + sin y = cos a + cos p + cos y = 0, 
then Ssin^a=2! cos ® a = 1. 

16. i^Solveas’-l by the ^elp of De Moivre’s Theorem. 

^ r C. P. 1939, ’43. ] ' 

(ii) Prove that the sum of the wth powers of the 
roots of the above equation, n being an integer not divisible 
by 7, is zero. 

^ If 35 = cos 0 + « sin 0 and 1 + prove that 


. + aco8 0-2®-(l+_»ir)(l+”) 

Ifo= 


= cos 


2rn 


+ t sin ^ * and if r and p are prime 


to n, prove that 

l + a» + a**' + ' 


+a(»-i)i>=0. [O.H.1938.] 

*, (» being a posi- 


*& 19. If (1 + »)“ - Oo + a^x + agflj* + 
tive integer), prove that 

in-1 

Oo + a4+a8 + '" “ 2 ’’~* + 2 * cos inn. 


, • 86 ^ If a"C08 fli +» sin 6 "cos flj +*■ sin 6 a, 

C“C 08 6a +»‘sin 6. and a + 6+C”a6c, then 
cos (6a - Oa) + cos (69 - 61) + cos (6a “ 69) + 1 0. 
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y^l. If x = COS a + i sin a, y = cos + i sin jS, and 

1 XI i. (t/ + + v) . , 

z = co8y + i sin y, show that is real, and 

xyz 

is equal to 8 cos i{p - v) cos i(Y - a) cos i(a - j3). 

/i2. By using substitutions of the form x = cos 2B 
+ i sin 20 in the identity 

(®i “ 0S2)((r3 “ ®i) + (^2 " ” 3 : 4 ) + (a?3 “ a?i)(aJ2 " = 0, 

show that 

sin (Oj -flg) sin (63 -64) + ••• + ••• =0. 

Prom the identity 

ir-t/ » u u 

deduce the sum of all the values of cos (pa + q/3), where p 
and q are positive integers, such that p + q-n. 

[ Put x=co^ a+ h sw a, y=cos p+% sin p and equate real parts of 
both sides. ] 



CHAPTER VIII 

IMPORTANT DEDUCTIONS FROM DE MOIVRE’S 
THEOREM 


51. ExpansionB of sin nd and cos nO (n being a •posi- 
tive integer). 

When n is a positive integer, we have 
cos nB + i sin = (cos 0 hi sin 

Since 7i is a positive inte^^.r, therefore, expanding the 
right side by the Binomial theorem,* we liave 
cos 7 iB + i sin nB 

= coB^d + n cos^"^0. i sin B + — ^ ^ cos^"'®^. i® sin®0 

+ 

Since, = - 1, i^ = l, z® =’i,... 

cosw0 + isinw0 

= cos”0 - ^^2 j cos^"®0 sin®0 + 

+ i w cos”*"^© sin 0 - cos”“®0 sin®0 + 

Equating real and imaginary parts, we have, 


cos nS *= cos 


linos’*- sin*® 


•2 I 


^ n(« - 1)(^_2)(» ll) _ ... 

4 I •. 


*See Alt. 68. 
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and sin n 9 = nco8“~^0 sin® — ^^cos**”*6 sin*® 

^n(«-l)(n- 2 )(»- 3 K»-^) (3) 

o ! 

Obs. The terms in each of the above two series are alternately 
positive and negative and each series continues till one of the factors 
in the numerator is zero. 

The last term in the expansions of sin nO and cos nO are respec- 
tively 

SzJ. ?»r-x 

(— 1) ® sin"^ and (-1) ® n cos 0 sin"“^d, when n is odd ; 

«— 2 r 

(-1) * n cos 0 sin"‘^ 0 and {-1)^ sin"^, when n is even. 

Note. The values of cos n0 and sin 9 t 0 can also bo obtained by the 
method of Induction without the use of imaginary quantities. 


52. Expansion of tan n^. 


tan nO 


sin n& 
cos nd 


( 1 ) 


Writing down the expansions of sin ?t0 and cos n0 in (1) 
and then dividing the numerator and the denominator by 
cos”0, we get, 


tan nB 


tan B-^Cq tan^B + ■ 
l-”c2 tan®d4^^C4 tan*© 


Note. When n is odd, the last term in the numerator is 

n— 1 

(-1) ® tan"© and that in the denominator is (-1) * n tan"'^ 0 ; 

n-2 

when n is even, the last term in the numerator is (-1) ^ n tan"'^ 0, 
and that in the denominator is (—1)^ tan"©. 



IMPORTANT DEDUCTIONS 


97 


53. Expansion of cos a (in ascending 'powers of a). 

By De Moivre*s Theorem, when w is a positive integer, 
cos nB + i sin nB “ (cos B + i sin Bf^ 

Expanding the right-hand side by the Binomial Theorem 
and equating real parts on both sides, we get (as m Art. 51), 

cos nB — cos”0 - j cos’*”®0 sin®0 


. - l)(n - 2)(n - «S) 

4! 


cos”"’*^ sin^3- ••• 


Put «0 — a, so that /i = 


a . 
/» * 


then we have 


cos a = cos 0 cos 


cos**' 0 sinr0 


a 1 

a - \ j 

la M 

a A 



1 

bC 

0 



4 ! 

COS 

= cos”6 “ 

a(a - B) 
2 ! 

cos'*”*® 

m 


a(a - B)( a — 2B)(a — 3B) 
4 1 




Now keeping a constant, make n an infinitely large 
positive integer ; B accordingly diminishes indefinitely and 

^ and cos B as also every power of these become in the 
limit equal to 1.* y 

from (l), we have, 

co»a-l-g^+-j-j-j + +(-t)»^_ + ...ad ml. 

*Se6 Chapter XV, Section E. Also see Appendix, for a disoussion 
on the method of proof and for Convergenoe test. 
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54. Expansion of sin a. 

By De Moivre’s Theorem, when w is a positive integer, 
cos nd + i sin nB = (cos 0 + 1 sin 0)”. 

Expanding the right-hand side by the Binomial Theorem 
and equating imaginary parts on both sides, we get, as in 
Art. 51, 

sm nB = n cos" ^0 sin 0- ^ j cos 0 sin 0+ *" 


Putting n0 = a and simplifying as before, we have 


sm a a cos 


/sin 0 \ a(a - 0)(a - 20) a 

\ 0 I 3! ® 


("r)‘ 


Now, making n an indefinitely large positive integer and 
keeping a constant, we have, as before, 


sin a—o- 


5 ^+ 2 !. 2 !+ 
31^5! 71 


+ (-!)" 


^2n+i 

(2n+l)I 


+ *“ad inf. 


55. In establishing the series for sin a and cos a, it is 
tacitly assumed that a is the radian measure of the angle 
considered ; for it is only when the angle 0 is expressed in 

radian measure, that^~®=l, 0 being indefinitely dimi- 
nished. However, it is eas<y to obtain the requisite modi- 
fication of the above formultn when the angle is expressed in 
any other system of measurement. 


Let us obtain the expansion of sin a®. 
Now, ® 1 QA radians. 
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sin a 


o 


Similarly, cos 


an 

180 


an 

i 

/ an \ 

\\M 

' an \ 

180 

3 t 

0 

00 

' ^5l’ 

il80/ 


1 I 

' an ' 

iV 

f an\ 

2!' 

180, 

1 +4il 

o' 


Addition Formulae for any number of angles. 

By the use of De Moivre*s Theorem, general formuloe 
for the sine, cosine, tangent of the sum of any number of 
unequal angles can be easily deduced. 

(cos Qi sin ai)(cos +i^sin a2)-**(cos an + ^ sin a„) 

= cos (ai +02 + +On) + i sin (a^ +02 + ••• +an)*”(l) 
Now, cos Oi + i sin = cos (l + ^ tan a^) 
cos Og + ? sin a 2 == cos a 2 (l + i tan Og), 
and so on. 

Hence (l) may be writfen as 

cos (oi + Qg H On) + 1 sin (qx + ag + *•• + On) 

= cos Ox cos og... cos a,t (l+t tan a^Xl + i tan Oq)*’* 

(l + i tan On)... .(2) 

= cosoj cosa.j...co8an[l + iSt + z^S2 + i^Sq +i*Sx + ^*^6 + •••] 
•=cos Ox cos a2...cos On [1 + ^Sx “Sg - W3 +s^ + zSb + •••],- 
where Sr denotes the sum of the products of tan Ox, tan 02^^ 
tan Ofif taken r at a time. 

Now, equating real and imaginary parts, we got 
cos (oi + Og + ••• +an) 

= cos Ox cos ag.-.COS On (l “ •‘?2 ) *" ( 3 ) 

sin (oi + Og H + an) 

= cos Ox COS og... COS a„ (sx -S3 +Sb “ •••) ••• (4) 

and by division, 
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Note 1. If n be odd^ the last term in the numerator is 

w-l n-l 

( - 1) ® Sn and that in the denominator is ( - 1) ® Sn - 1 ; and if n be 

71— 2 

event the last term in the numerator is (-1) ® 5 n-i ; and that in the 

n 

denominator is (~l)^s, 4 . 

Note 2. By putting ai = aa = o,**‘ =a„==^, in (3), (4), (5) the 
formulse for sin cos nOt tan nd, can bo easily deduced. 


Ex. 1. Jf "'g- =5046’ slioto that 9 = 1“ 58' neadi/. [ C. P. me. ] 


When d is very small, ^ is very nearly equal to 1 ; here 

o' o 

is very nearly equal to 1 ; hence, 6 must be small. Therefore, 

in the series for sin (7, neglecting the powers of d higher than the 3rd, 

we have. 


1 - 

Thus, 


sin 6 1 

— SK — 

e e 

0*^5045 
G ,504G 




1 - 


0 ^ 

6 ‘ 


and hence 


_6045_ _1 
6 ^ 604G 6046’ 



radian =1® 58' nearly. 


Ex. 2. Expand tan x in powers of x as far as the term involving x*. 


tan ® = sin x (cos 

cos X 




Now expanding by Binomial theorem and simplifying, 

we get tan x=x+ix"+ViF*+’ 

Ex. 8. Expand cos^9 in powers of B, 
cos*d=i(l + co8 2tf) 


2L 2! 41 J 

2 L 21^41 J 


29 * 2 * 9 « 
21 ^ 41 
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Ex. 4. Prove that 


sin^e cos = + — + 


[ C. P. 1935. ] 


4 sin^d Gos 6 = 2 sin 6, 2 sin 6 cos ^ = 2 sin 0, sin 20 
= cos 0 — cos 30 

1 21 + 4 1 +l 1^(2„)1 + 

u_ve- 3'J'_ 

1 21 ^ 41 {2)i; 


oaitiian 




Qj"— 1 

sm'fl cos 9 = 9-r«‘ + — + (-!)"+' ’ 


Ex. 5. Find the Umiting value when 0 tend<i to 


Writing down tho series for sm 0 and tan 20 fsco Ex. ^ above) the 
gi\en expression becomes 

29+J(2fl)’ + fg(29)» + ...}-2jo-j; + ;‘,— . 

0 * 

_ 30^ + terms involving 0* and higher powers of 0 
0-* 

= 3+ terms involving 0^ and higher powers of 0. 

Hence, the required limit is 3. 

Ex. 6. If m = u — e sin u, and if e he so small that sts powers above 
the second may he neglected^ show that 

u^m+e sin w+Js’ sm 2ni. 

Here w=»m+esinM, * ••• ••• (i) 

and since e is small, u differs from rn by a small quantify of the order 
of e. 
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Let so that x is of the order of e. 

Then from (i), 

m+x—m+e sin (7/1+®) 

= m+e sin cos x-he cos w sin x 

= 7n + e sin 7?7|l— + +c cos w|»— + 


= 7«+c sin 7U + X e cos m 

whence 


[ neglecting terms of an 
order higher than c®. ] 


e sin ni • ti 

Bin w (1-c cos m) ^ 

1 — c cos '/// ' 

= c sin m (1 + e cos //i + •••) [ By Binomial Theorem ] 

= c sin 7» + <?* sin in cos m [ neglecting higher powers of c ] 
= e sin + sin Uni, 

. • . ® = 777 + c sin 771 + Je}'** sin 2'777 . 

Note. The above process is known as the Reversal of series* 


EXAMPLES VIII 


(i) Expand sin®® and cos^® in powers of ®. 

[ Use ifin®® = J(3 sin x — sin 3®) ; eos*x= H+j cos 2x+t cos 4®. ] 

(ii) Expand sin®® and cos®® in powers of ®. 

[ Use 5171®®= J(l- cos 2®) ; cos®®=i(3 cos x+cos 3®). ] 


2 . Express ® as a power series in ®. 

Use the fact that cos i sin 2d = (cos d + i sin d)® 
to find the formula) for cos 2d and sin 2d. 

By a similar method find formul® for cos 3d and sin 3d. 


' 4^) If ® * ilii’ ® nearly 3*. 

'Y (ii) Calculate the value of sin 3® correct to 3 signi- 
ficant figures. 
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6. (i) If sin a* = ‘9998, show that ^ = 88** 51' nearly. 

(ii) If cos (in + a*) = ‘49, show that x = 39‘7' nearly. 

(iii) If cos = show that ® = ‘7 nearly. 

(iv) If tan 0 = tV, find an approximate value for B. 

^ W Express sin 6x in powers of sin x. 

Express cos 56 in powers of cos 0. [ C. P. 2931. ] 

(iii) Prove that 

cos 70 = 64 cos'^0 ~ 112 cos*0 + 56 cos®0 - 7 co^ 0. 

/. N Ti i/1 4tan0“4tan®0 

(iv) Prove that tan 40=^— ^ tan*^0 + tan^0 

• 7 . Prove that if -in < 6 < in, then 


sin nd = cos”0 tan 0 ~ tan®0 + •••} 
cos w0 = cos“0 {l~”c 2 tan®0 + "c 4 tan*0-*'*} 


[ cos nBi■^s^n nB=(cos 0+i s^n 0)^—{cos 0 (l+i tan 0 ))-" ; expand 
nght Side and equate real and %maginarij parts, ] 

I IShow that (» being a positive integer) 
l-"ca+% 2^ 008^" 


and "ci -“cj +“c5 =2^ sin ^ • [ C. P. 1941. ] 


Use De Moivre's Theorem to prove that cos in, 
cos 771 and cos jn are roots of the equation 
8rr®-4ir*-4fl; + l = 0. 

' Hence prove that 

cos in + cos 77* + cos 771 = i. 



* 9. Prove that 0 cot 0 = 1 - i0® - if 0 is small. 
utfT Find the limiting values of the following expression] 
when X tends to zero. 
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'a /./ N tan 2 t - 2 tan t 


[ C. P. 1933. ] 


3 3, 3 

11. Find the equation whose roots are 
± tan ^ » ± tan ± tan 
#«• Prove that 

tan“^fl;i + tan" Vg + + tan“^ir« 


-1 + ~ 


I-P 2 +2>d 

where pr denotes the sum of the products of T 2 , .. (Tn 

taken r at a time. 

13. U Xt, X 2 t are the roots of the equation 

sin 2a + 0 ;^ cos 2a - a? cos a - sin a* 0, 
show that S tan '^Xi = nn + hn “* a. 


Provo that 


sin mQ = sec"*d i vi tan B - 


m(m + l)(m + 2) 


tan®0 + ••• f* 


when tan 0 < 1. 

[ cos — ^ 3Wb fjiff^icos 6 + ^ sin 6)“”*. Evpand by Binomial Theo- 
rem and equate imaginary pat ts. ] 

Prove that 



16,^ Show that 

^ ^ Jim ^ • • 1 

2 ^ “ 2.4.^8 2,4.6.8.10.12 “ 
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)17. Find the value of the series 



8! 01 71 

*'*"fi-8Vli-7V 

an(li/=l + ^,- 3 j + g,- to», 

sliow that a:® - j/. 

If a: cot 3- = Oo + 02 ®® + 04 ®* + show that 

Ojn Oa7t-2 [ Oiin-4, i ( “ l)**Oo ^ ( "■_l)*, 

[1 [3 L2 ‘ \2n+l 2» 

Hence expand x cot x m ascending powers of x as far 


vet). If m’^v-2r sin y + i<’'* sin 2y, where c is a small 
quantity of which all powers above the second are neglected, 
show that 

V = m + 2c siu TO + ic^sin 27». 


21 . If tan aj-rt^r + 3'*|a!® + s •••, show that 

_ (2» + l)2w (2« + l)2n(2?i - 1)(2 j> - 2 ) 

<*211+1 - 2 ! <*2«-i “ 4 1 <*ai»-8 

+ ••• + (- l)»+i( 2 » + Dfli + ( - D”. [ O. U. 1940 . ] 

22 . If - “ ( 2 n + 1) n’ where n has any largo positive 

a 2 

integral value, prove that the large roots of the equation 
tan a! = a; are approximately ± ( ~ -a- o <•* 1 O.H. 1941 . ] 



CHAPTER IX 


TRIGONOMETRICAL AND EXPONENTIAL FUNCTIONS 
OF COMPLEX ARGUMENTS 


/ 57. Generalised Definitions. 

When X is real^ we know what are meant by the exponen- 
tial function and the trif^onometrical functions sin x, 
cos flj, tan X, etc. Now the question arises, what would 
be meant by these functions, when x is complex, i.e., of the 
form a + ib. At present they have no meaning. 


When X is of the form a + ih, let us define the exponen- 
tial and trigonometrical functions by the following 
equations : — 

C' = l + X4.fi + ^J + 

x^ 

sina:=-®-3, + gj- 

H aj" . a** 

co8®^1-2! + 4!“ 

. , , sin a; ^ cos a* 

Also, tan a; = » cot a; = » 

cos X sin X 

1 1 

cosec X = * sec x = — 

sin X cos X 


Note. When x is real, it has been actually proved that sin sc, 
cos X are equal to the corresponding series ; now, when x is complex, 
for the sake of uniformity and conveiflence, we make the convention 
that e“^, sin x, cos x should denote the corresponding series. 

Obs. When oj i s real, e in e* having the moaning 1 jfj + ^ » 

e* has the usual significance of a certain quantity being raised to 
a certain power. Incidentally it has been proved to be equal to the 

a* a*® 

series l + j j + gj-h But when x is complex, e* has no other 
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significance except that it stands as a symbol or short way of writing 
the series l + *^2 1**" *’* 

Accordingly some writers use the symbols exp. (ar) or E (x) in 
preference to e* for the series when x is complex. 

The symbol however is favoured by many, because this brings 
about a uniformity in the two cases whether x bo real or complex, 
since, as will bo shown below, all properties (index law etc.) satisfied 
by e® when x is real, will continue to be satisfied for complex values 
of X with the new definition of <?'. 


58. Index Laws for the Exponential Function. 

When oc is real it lias boon proved that obeys the 
index law. Now, it will be ^iroved that even when ic is 
complex, with its new definition, obeys the index law. 


When X and y are complex^ we have, by the definition, 


e =l + a; + ^ + 3 j + 

= + + 

by multiplication, we get 

= 1 + (a: + 1/) + I + + 2 i) ' 


\n ! (ti - 1) ! 1 1 (?i “ 1) ! n ll 

■ (a; + y) + (x + 
by definition 


= 1 + (a; + y) + 2 ^, C'c 4- y)* + ••• + (x + y)** + — 


Similarly, 


. =zp 




It also easily follows that ^ e^''^ 
y and (e*)"*e"*, n being a positive integer. 

The last result can he extended to the case where n is 
any real quantity, being then one of the values of (c®)”. 


'For convergence consideration, see Appendix, § 6(1). 
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69. Exponential values of sine and cosine. 

If we put ix for z in the equation 

= + + 

•2 2 

WO obtain, + ix+ ^ j 


L , a*^ 

\ L ./ 

r"2!‘^4! 



)• 


i.e.y e** *■ cos x + i sin x,"' • • * (l) 

whether x be re al or complex. 

Similarly, e“** ■■ cos x - i sin x. • • • (2) 

Hence for all values of x, real or complex ^ we have from 
(1) and (2). 


cos X 


* ^ **) * 



Jx« 



These expressions for cos x and sin x are known as 
Ejil 0 r*s Exponential vctlnes,. 

When a: is a complex quantity, sin cc, cos x are some- 
times defined by the relations (3), being first defined as 
in Art. 57. 


Iso. Addition and Subtraction Theorems (for complex 
arguments). 

When X and y are complex^o prove that 

sin (a; + 2 /) = sin x cos y + cos x sin y 
cos {x + y)- cos X cos y - sin a? sin y 
sin (a? - 2 /) = sin x cos y - cos x sin y 
cos (a; - 1 /) = cos x cos i/ + sin a? sin y, 

*rhis result is known as Euler’s Theorem, after the name of the 

great Swiss mathematician Eider (1707-1783). 
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Proof. By Art. 58, we liave 

therefore, by Art. 59, 

^eos (flj + ?/) + i sin (j; + 2/) . 

= (cos jr + i sin .r)((*os y-^i sin y) 

= cosircosi/-siiiirsin!/ + ?(sina?co& ?/ + cos .r sin 2 /) ••• (l) 
Aj^ain, from tlie identity, 

we have, as before 
cos (r + y) -i sin (j* + y) 

= (cos X - / sin j")(cos y-i sin y) 

= cos X cos 2 / - sin a? sin 2 / - / (sin x cos y + cos x sin y) ••• (2) 

Now, addinf? and subtracting? (l) and (2), the required 
values of sin (a* + 2/) cos (x + y) are obtained. 

A{?ain, since, 

cos (a* ” 2 /) + « sin (a; - 2 /^ 

= (cos x + i sin £p)(cos y- ? sin y) 

= cos x cos 2/ + sin .T s n 2/ + f (sin x cos y - cos x sin y) ••• (3) 
and since, 

/. cos (x-y)-i sn (x-y) 

= (cos x-i S'n a?)(cos y + i sin y) 

= cos X cos 2/ + sin ® sin y-i (sin x cos y - cos x sin y) (4) 

Now, adding and suhtractinf? (3) and (4), the required 
values of sin (x - y) and cos (a? - y) arrf obtained. 
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Alternative Method. The above" formulso can also be 
established by making* use of the exponential values of sin 
sin y, and cos x, cos y , thus, 

sin X cos y + cos x sin y 

2^*v _ __ 

4ii 

= sin {x + y). 

Similarly, the other relations can be proved. 

61. From the above article, it follows that all trij^ono- 
metrical formulae involving real angles which were deduced 
from Addition and Subtraction theorems are also true when 
complex quantities are substituted for real angles , thus, 
whether x be real or comiileXy we have 

sin 2x^2 sin x cos x , cos 2£C'= cos^jr-sin^a: ; etc. 

^62. De Moivre’s Theorem for complex arguments. 

Whether 0 be real or coinplex, we have 

. (cos 6 + i sin O)” — cos 7i0 + i sin nO, 

Thus, De Moivre’s Theorem is true, whether 0 be real 
or complex, 

^63. Periodicity of Circular and Exponential func- 
tions. 

In the first and second equations of Art. 60, put y = 27Wi, 
where n is any integer and let x be complex ; then 

sin (x + 2nn) = sin x cos 2nn + cos x sin 2n7t 
= sin X, 
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Similarly, cos (a? ^ 2nn) = cos x. 

Thus, even when x is complex, sin x and cos x are 
periodic functions. 

Again, + 0) + ^ sin {2nn + O) 

= cos ^ i sin d -= e'^. 

Thus, e^^ is a periodic function ; that is, its value 
remains unchanged, when 0 is increased by any multiple 
of 2n, 

Also, e*"”"* = cos 2nn + 2 sin •= 1, 

Logarithm ol a Cmnplex Quantity ; a many- 
valued function. 

If z and A be two complex quantities, and if they be so 
related that — 

ue., 1 + ^ + 2 “, + ^, + = 4 

then, z is said to be a loqarithm of A. 

Again, if e^ = A, 

since, e^nTrt -vvhere n is zero, or any integer, 
we have, 

^J!+2n7ri^ 

Hence, it follows from the above definition that if z be 
a logarithm of A, so also is z + 2nnL 

Thus, we see that the loqarithm of a complex quantity 
has an infinite number of values. When this many-valued- 
ness is taken into consideration, logarithm of A is some- 
times written as Log A in order to distinguish it from its 
principal value which is written as log A. The principal 
value of the logarithm -is obtained "feysputting w = 0 in the 
value of Log A. Thus, we have 

Log A " 2nm + log A. 
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Note. If z and A be both rosil, then since the above proof equally 
holds, wo got logarithm of A = z+2nri ; that is, a real quantity has 
one real logarithm a/nd an infinite number of miaginary logarithms. 

Definition of a* (when a and x are complex 
quantities). 

When a and x are real quantities, we know that 
a® == e® When a and x are complex, tlie ordinary 

definition of a® no longer holds. 

When a and x are complex quantities^ let us define a® 
by the equation 

= pO: Log a 

Since, Log a is multi pie- valued and complex when a is 
complex, therefore is multiple- valued and complex and 

^ Log a - ^*(2n7rt+?oo a)^ 

The principal value of a® (which is the value of a® 
obtained by putting n ~ 0) 

„ log a 

= 1 + a- log a + 'g-j (log o)® + 

As a special case, putting ir = 1, 

a = e^^^ ® = 1 + log a + (log + 

/ 66. From the definition of tlie logaritlim of a complex 
quantity, it can be easily sho^n that, when x and y are 
both complex quantities, 

Log xy = Log X + Log y 

Log ^ = Log X - Log y 

y 

Log x^ -y Log X + 2km, where k is zero, or 
any integer. 
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For, let e® = a; and ^ = 2 /, so that xy = 

Then Log x = ^mni + a, Log y “ 2ww^ + 6. 

/. Log X + Log y = 2(??i + + a + 6 ~ 2A;:I^ + a + 6 

= Log xy. 

Similarly for other relatibns. 

Inverse circular functions of Complex Arguments. 

If cos (re + ^ 2 /) = 4- /y, then x + iy is defined as an inverse 

cosine of and is written as ir + ?// = cos""^ 

Since, cos {x + iy) - cos {2nn ± (a; + iy)]. 

. * . cos { 2wJ* ± (.r + iy)\ = A + iv. 

TIence, 2nn±{x'^iy) is also an inverse cosine of u + iv 
{?i being any integer), 

Tims, the inverse cosine of u + iv is a many-valued 
function and when this many- valued ness is taken into 
consideration, it is written Cos’ ^ {n-^iv). 

The principal valnc '' of Oos”^ {u + iv) is defined as that 
value for which the real part lies between 0 and n, and is 
denoted by cos“^ (n + iv). 

We have, then 

Cos” ^ (fi + iv) - 2n7i ± cos” ^ (n + iv). 

Similarly, other inverse circular functions and their 
principal values are defined. 

Thus, if sin (x + iy) — u + iv, 
then u + iv = sin {?in + ( - l)”(a? + iy)\, 

. Sin"^ {u + iv) = vat + {— 1)"(jj + iy) 

— nn + {- 1 )” sin”^ {u + iv). 

*This definition agrees with that for the principal value of cos''^a, 
when a is real. 


8 
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If tan (x + iy) = u + iv, 

then, u + iv = tan {nn + a? + iy]^ 

. Tan”^ (w + iv) = n7i + {x + iy) 

= nn-^ tan“^ (w + iv). 

The principal values of Sin""^ [lu-^iv) and Tan"^ {u-\-iv) 
are in each case those values for which the real part lies 

between - ^ 

Similarly, Sec“^ {w + iv) = %i7i ± sec"^ {u + iv) 

Cosec” ^ {n + tv) - nji + ( - l)“ coseo” ^ (it + tv) 
Cot”^ {u + iv) = nn + cot”^ (u + iv). 


68. Binomial Theorem for a Complex quantity.'*' 

If z be real and numerically less than 1, then for all real 
values of w, we have the Binomial Theorem 

(1 + .)« - 1 + «. 4- f 


When z is complex (say“a + ?6) then, 

(i) If n be a positive integer, the series on the right 
side of (l) is finite for all values of z and hence the Binomial 
Theorem is true for all values of z ; 


(ii) if n he negative or fractional, the number of terms 
of the series is infinite and the series is equal to one of 
the values of (l + zy^ and it is generally taken to be the 
principal value of (1 + z)^, provided the modulus of z, that is 
+ >/a* + 6®, is numerically left than 1 ; 


1 


*H6r6 the theorem with its varioas restrictions is simply stated, 
for the sake of reference, without any proof, as the proof is difficult 
and beyond the range of the present treatise. For the proof, the 
student may refer to Knopp’s Theory and Applications of Infinite series 
or Ghrystal’s Algebra, Vol. II. 
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(iii) iinhe negative or fractiwial and if the modulus of 
z is equal to 1, then the theorem is true, when 

(а) w is a positive fraction, or 

(б) n is a ne{,^ative proper fraction, i.e,^ when n lies 
between 0 and - 1, and z is not equal to - !• 

Note. The Thcoroin will not hold 

(i) when mod. z—1 and w= “1 or < —1 
and also (li) when mod. > 1 and n’ls negative or fractional. 

Logarithmic series tor a Complex quantity. 

When z is real and less thq^i or equal to 1, we know that 
Jog (l + z)-z- + iz^ - (l) 

When z is complex, it can be shown exactly in the same 
way as when z is real, that the series on the right side of 
(l) is the expansion of log (1 + -?), i.e., the principal value of 
Log (1 + 2 ^), provided 

(i) mod, z is numerically less than 1 
and (ii) if mod. z = 1, then also the theorem is true if the 
amplitude of z be not equal to an odd multiple 

of 71. 

Since, Log (l + 2 :) = %mi + log (l + 

therefore, Log (l + a:) = 2nni + - 

70. Ex. 1. Evaluate Log (a+ ip), where a and p are real 

[ G. JET. 1942. ] 

Lot Log {a+ip) = X’\-iy (a; and y being real) ; 
then, 

Put a = r cos 0, p = r sin &, so thatr= + + tan - J 

then, a + i/9= r (cob B-¥i sin B) 

esy^t^as^iogr ^log r+iCSJnw+tf) 
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Thetefote, 

Hence, a+^7/=log r+ i(2nir+0). 

Kquating real and imaginary parts, wo havo, 
a;=logr and y=2nv + B. 

. ■ . Log (a + ij9) = log } + i(2ht+ B) 

= log6 Ayo-+^-* + 4 js/iT+tan"* ~|‘ 


Note. Putting n = 0, in the above result we get the principal 
value of Log (a+ 1 ^) ; 


log(a+i/S)=Iog« /v/a*+/J“+«taii-' 






Separate into %ts real and imaginary parij the eapression 
(a + 1/3)^-^*''. [ C. l\ mo, M9, '44. ] 


By dodnitiou m Art, 6.5, 

(a+ i,3)'+*>' = 6‘ («+»/^), 


Now, we havo as in Ex. 1, 

Log (tt+ i/3) = log r + i(2nir+^), v/C^ 

whore r= +i3^ and 0=tan"‘^« 


Hence, (a;+ iii) Log (a f tjS) 

= X log r - y(2nir + ) + i{y log r + a: (2?Mr + 0)} 
=p+77, say. 


Then, 

«= e*’(ooB 2 + 4 sin q) 

*“« r-i/(2»*+») i-ooa ^ r+xl2nr+ «)} 

+ ♦ sin -{y log r+a;(2nir+^)H. 
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Note. The principal value of the gi\en e^pressioxii obtained by 
putting w = 0 in the above result is 

lop r-yO j^g j (y log r+xB)]. 

Ex. 8. P}w« th-U t‘= [ C. P. WS3 ; C. H. 1943. ] 

TT 

We ha\(«, 1 = cos ^ ^ = c ^ 

= +2/ijr » J( hi+V ^ 

Log t ^ (4)1+1). 

Ex. 4. Pton that Siir' ()) = 2)»r— i log ( n/ 2- l). 

Lot Sin“^ b-B. sin $ = i, 

cos 0= Jl-bin^d-- ^1 + 1=* s/2. 

i*^ = cos 0 + 1 sin s/2 — 1. 

«0 = 2M)ri+log ( s/2 — 1). 

<? = Sin- MO = 2 wfl- - i log ( s/2 - 1). 


Ex. 5. If tan log (x + ly) ^a+ib^ whei <?//“* + 6® ^ 1, pro ’« that 


2a 


tanloq + = 


[ C. P. 1946, 


Here, log (x + ty) = tan - ‘ (a+ib), 

. • . log (a! — iy) = tan" ^ (a — »/)), 

log (a;® + ?y®) = log{(a;+M/)(a;-»2/)} = log (aj+i7/)+log (a;-iy) 
= tan" ‘ (u + ^6) + tan” ‘ (a — ^6) 


>tan 


.1 (a+ih)+(a-9b) 

l-(a+t6)(a-fb) l-(a® + 6M 


2a 


2a 
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' 0. Find all the values of s if i^=*e (eos ff + i sin B). 

Since. = 

. • . * = e.e*^ = \ e*^ = 

.*. £f Log i=l + i (2Mir+0). 

Since, Log i = i 2(44 + 1). [ See Fx, 5, above ] 

(4fc + l) = l+?(2«7r+^). 

2 

(2nir+d-i). putting 1= -i“. 


Ex. 7. If x= log tan prove that 



.y« -i Log tan 4^* 


Et^e, 

. . 1 + tan^^ 

6*=tan (^ + ’')=» 

, V e"-! 

2 “«*+l 

or, 


-itan^. 


c® — e ^ . ix . ix 

e^+e » 22 



1 + tan’* , , 

.2 -tan (>**)■ 
1-tan** 2' 



tV’^Log tan (^+ 4) ■* 1 

fix . t\ 

[2 + 4)’ 

or, 

»--»IiOgtan(*|+^)- 
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Ex. 8. Express Log {Log {eos 8+^ sin 8)V ^n the form A + iS* 

[ C. H. 194i, '51. ] 

Log (cos $+i sin fl) = Log ^‘^“log e*^®**"^’*^*^=(2)iir+fl)»^ 

= {2mr+e)^oo3^ +i sin ^ ^ = (2wir+^)e*'®^* 


. • . Log -{Log (cos <? + i sin 0)\ 

= rjOg 

TT 

= log (2nir+ 6) + Log 
= log {2nir-h0) +2lvi+i^ 
= log (2nir+0) + iir(27t+ J). 


EXAMPLES IX 

[ All htteis repte^rnt rial niouhirs unless otherwise stated ] 

1. From the definitions of sin .r and cos x where x is 
^ complex quantity, prove that 

1 ^ cos 2® = 1 - 2 sin^JT. 

jfrr) sin Src = 3 sin x — 4 sm^x, [ C. P. 194:3, ] 

sin®.T + cos®a; = 1. 

J^) sin ( - a*) = - sin x and cos ( - a;) cos x. 


2. Apply the exponential values of sine and cosine 
o show that 


/ ^ sin 20 , - 

0 ^^ r-cos2l = ®°*®- 

Vj(fiy cos 20 = 1 - 2 sin®0. 


[ C. P. 1925, ] 


3. Show that 

(iTLog ( - 1) = {2n + 1)*;*. 0 C^ti) Log i = z(2n + 4)». 

Log ( - a:) = log a? + (2w + l)f«. 
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{W) Log (l + «) = i log 2 + (2?® + i)in. 

{* “P- ^ 

{cos (log x) + i sin (log x)}, 
cos hnx + i sin hnx, whore h = 2?t + J. 

Logi i integers. 

log ( 1 + cos 25 + i sin 25) ^ log (2 cos 5) + iB. 

[ C. P. 19i7. ] 

Sin"^(?>) = 2n;i~? log (^/L fcc’^-o*) 

•=2/171 + ^ log ( >yj +a;® + ir). 

tan"^ («*^) = log tan (Jji + J5). 

(jy^ sin (log i^) = - 1. 

(jitO (sin jc + i cos a*)* - 

0^ Log ( y?)-(2H7* + i7i)?. 

-r ^ los 2 + 2w7tt 

Log,o2"j^^ 10 + 2 »«m’ 

*4^ J £ 4 + iJ3 = log (x + ii/\ show that 

B = tan“^ ^ an^ 4 ■= Hog (a;® + 1 /*). 

X 

6, If = a + 7/5, prove that + /5“ = 

6. If “’*• = i + iB, prove that 

tan”^- 4 4* + S* = c-'» [ P. P. 1931. ] 
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7. Express in the form A + tB 

iiiT Log ( - c). 

(a + id). [ C. P. 10;}1. ] 

((rv^ log sin (fl + 
f) (aJ +«?/)*. Log 

^ Sliow that 

log log (x + iij) = 5 log {p^ 'I- q^) + i tan”^ ^ ' 

P 

where 2> — lo^ ami q = tan“^ ^ • 

(g^ Prove that the principal value of (a + is 

wholly real or wholly imaginary acconling as 

hj log (a^ + /3^) + j" tan“^ ^ 

is an even or odd multiple of in. 

If tan (r + ly) — u-h iv, prove that 

+t?® + 2it cot 2.t= 1. [ C. P. 1946, *48, ] 

If be a complex quantity, show that 
tan z = z + iz^ + 

If be a complex quantity, prove that 
, {i) the zeros of sin z are given by z*^Jen 

and (ii) the zeros of cos z are given by z = (2k + l)in, 
where k is zero or afiy integer. 

^18^ Show that the values of i* can be arranged so that 
they form a geometrical progression. [ 0, H, 1961, ] 
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^ Prove that 

. a 1 {a-rY + , L -i_A \ 

^^a + tb + x 2 + xY an a-x a + x! 

16,»jWf^rrove that the principal value of 

TT** 

(14 ») = ^ ^ |cos (in log 2) + i sin (}^ log 2)}. 
i^i) Find all the values of (l + 

Prove that the ratio of the principal values of 
(1 +z)^“* and (l — iY'^^ IS sin (log 2) + ^ cos (log 2). 

Solve cos rr = c, c > 1 

(ii) If a cos 0 + 6 sin 0 = r, c > \/rt‘* + 6®, find the 
general value of 0 

o«r If 05 be < int shov\ that ^ cos’^ (sin a* + cos x) has 
two re^values 

W; If tan ^ (a + tb) - sin" ^ (x + ly), show that 


a^+b^^ 


„2 I ^.a 

T -r y 


Ajx^ + y* + 2x^y^-2x^ + 2y^’i-l 


M If A- J 

^ 1 
^-iv 1 


show that 

^* =* j 2 cos 2a + 1 2 cos (a + /I) + 1 2 cos (a + y) + 1 

2 cos (^ + a) + 1 2 cos 2/3 + 1 2 cos-t/3 + y) + 1 

I 

2 cos (y + o) + 1 2 008 (y + /9) + 1 2 cos 2y + 1 ‘ 

[ C. S. 1927. ] 
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GREGORY’S SERIES AND EVALUATION OF JT 


71. Gregory’s Series. 

fo expan'l 6 in powm of tan 6. ( - }» < 6 < + in). 
7 sin 6 ■" 

We have,/ tan 0 = 


by componendo and di\idendo, we have 
l-itan0 ^ 

Taking logarithms of both sides (considering the princi- 
pal value only) 

%Q - log (l + / tan 0) - log (1 “ i tan 0) 

= i tan 0- tan®0+ ^^?®tan®0- 

- ( - ^ tan 0 “ tan^0- K® tan®0 - ) 

by Art. G9, if tan 0 be not numerically greater than 1, i,c,, if 
- iji < 0 < + i:j (the principal value of 0 being considered) 

= {tan 0 - V taii®0 + y tan®0- }. 

6“tan taii®6+J tan*0-'-ad. inf. • •• (l) 
where - < 0 < + Jji. 

This is called Gregory’s Series.* 

Patting tan 0 = jr, so that 0*>tan”^.r, the above series 
may be written as 

tan ' ■ x - ix *+ ix * — '^^“^^*'’^-1 

where - 1< a; < + 1 and tan'^x has its princi^l value. 


*Tliis series was first given by James (1638-1675), Professor 
at Edinb’irgh, for obtaining the approximate value of r. 
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Note 1. In considering the principal values of both sides, the 
principal value of 6 also, consequent on the value of tan is to be taken 
into account. 

It is albO to be noted that if tan 0 bo numerically not greater than 1, 
the principal value of 6 from definition lies between + Jtt and — Jtt. 

Note 2. If cc be cnwphx, then also we have , 

tan"^a: = jr-ia!*+7T’ — 

provided the modulus of x is loss than 1 and the real part of tan“ ‘ x lies 
between — Jirand +J7r. 

For the proof see Chap. XI, Bromwich’s Theonj of Infinite Series : 

72. Tf 1171 — in ^ 0 ^ nn + in, prove that 

Q-nn- tan. 0 - J tan^d + i tan^d - 

Let 0 - nn = so that - Jte < </> < +• Iti 
and tan 0 = tan (nn + 4^) ~ tan 

Hence, as in the previous article, 

= tan </> - i tan®<f» b i tan'^f/» - 

0 ~ ;i7i = tan 0 - i tan®0 + y tan'*0 - (3) 

Obs. This aeries may bo considered as more general than Gregory’s 
series, since it is applicable to the case when d does not lie between 
-JjT and +}/r. Gregory’s series is obtained from this series by putting 

M=0. 

Note 1. Examples oj particular cases. 

(i) Tf 6 lie between Jir and |ir, i.e., between 2ir-iir and 2a'+Jir 
the relation (3) becomes 

0-2ir=tan 0-J tan®0+} tan*^- 

(ii) If B lie between -}ir and —Jtt, i.e., between -t-Jt and 
-T+i,r, we have 9 ib — 1, and the relation (8) becomes 

0+ir«taii 0-J tan*0+J tan*0- 
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Note 2. Tf B lie between itir+lir and wir+ Jjr, tan $ is numerically 
greater than 1 and hence the expansions of log (1 ± i tan 6) do not hold 
and consequently there is no such relation as (3) of Art. 72. 

73. Evaluation of 

Difforenh mathematicians have used Gregory’s series in 
different ways for the calciilaiion of the value of n. 

Putting 0-in, in Gregory’s series, we have 



This series may he used to talcnlete the value of n ; hut 
as it is very slowly converL'ent, a very large number of 
terms would have to ho tahen to obtain the value of n 
correct to any great degree of Accuracy. Hence different 
mathematicians liavo given different series. 

(i) Euler's Series. 

tan'^ 2 +ian~^g ^ i. 

= tair^l= 7* 

4 

Hence, putting successively J and a for x in tlie 
series (2), wo have 


^ =tan”^i + tan 
4 


-H _ 1. ' + 1. 1 

fl _ 1. J 1.1 

12 3 2® 5 2® / 

^l3 3 3®^ 5 3® 1 


(ii) Machin's Series*. 

2 

Since, 2 tan"^ = tan"^, * i =tan 

I . 10 

and 4 tan-^T = 2 tan” Vv = tan”^ ^ 

“tan”^il§, as before. 

*In 1706, fl. Machin (1680-1751), professor of Astronomy at Gresham 
College, London, obtained the value of t up to 100 places of decimals 
by using the above series. 



126 


HIGHBB TBIGONOMBTRY 


= tan” ^117 “ 

= tan-M- 

Now, substituting successively, y, ub? for x in the 
series (2) the Machines scries for ^ is obtained. 

(iii) Base's Series. 

Since, tan“^i + tan“^-y = tan”^^ L By Art, 23 ] 

. ■ . t an” ^ i + tan” ^ 5- + tan” ^ -g = tan” ^l + tan'^i 

=* tan”^l*= Y* 

Now, substituting i, 3, J for x successively in the 
series ( 2 ), the Bases series for ^ is obtained. 

(Iv) Rutherford's Series. 

I _ 1 

tan ^Vt^^tan —tan 

L + 70-57 

Since, ? “4 tan”^3- - tan”^.j3i), [ See (ii) ] f 

” = 4 tan"^ J - tan”^T0 + tan'^-^V 

Now, substituting fV, 77 successively for x in the 
series ( 2 ), the Eiitherfords's series for in is obtained. 


74. Ex. 1. Find the numerical value of 
by Machines series. ^ 

Wo ha VO, 

4 15 3 5“ 

= 4t*2 - •0026666 + -000064 - 
= -786398 1; 

.-. ir = 4 X -7863983 *3- 14169. 


to 5 places of decimals 


5 6* 


} {239" 8'(2ja)*'*‘"'} 

)- 0041841 + ••• 
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Ex. 2. Prove that 


8 1.3 ^5.7 9.11^ 


[ C. P. 19U. ] 


Putting ^ = i7r in Gregory's series and noting that tan iir = l, 
we have ■ ^ 


2 2 2 
= 4 - 4 - 4 -. 

1.3 5.7 U.ll 


8=lVa!7+9.'lI + - 


^^^Ex. 3. Exj^antl /a)r‘ 0) series %n tan 6, 

Given expression- tau“ ^ J on dividing numerator and 

1 ~ tan Q 

denominator b> cos 

= tan"" j^lan +^jj-« 7 r+ 0 


= (n+i)7r + tan i tan''<i+ J tan’^?- 


6x74. If smx^n sm (o+rr), n < 1, expand x in a series oj ascend- 
mg powers of n. [ C. P, 1931^ *44, ] 

Since, sin a; = w sin (a + a;) = w (sin a cos j; + cos o sin jr), 

. . n sin a sin x 9i sin a . 

. . tan»=. » or, — , 

1 - w cos a cos X 1 - cos a 


I («•*+«-“) 


_n sm a_. 
1-n cos a' 


g** + e*** 1 — ?icosa* 
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by Componondo and iXvidendo, 


or, 


1—n cos o+wi sin a 1— 
e 1“ M cos a— Ml sm a I — 

l-ne'“ 


Taking logarithm of both sides, (considering tho principal values 
only) 

2ia;=log (1— Mc““)-log (1 — mc*") ^ 

= n.2i sin a + Jii’*. 2i sin 2a+ 2i sin 3a + 

aj«n sin a+ Jw® sin 2a+ in'* sin 3a + 

Ex. 5. Jf B he an angle of a triangle ABC less than A, prove that 

J3 = - sin C+ ^ . Mil 20 + .: , sin -jC + 

a 2a^ 3 rr 

We have, 

sin B= ^sin A= ^sin (B+C). [ A'i-B+C=Tr, ] 

Since this is of the form 

sin x-n sin (cc + o), ®=B, a=C, ^ J 

hence, as in Ex. 4, we get 

B= ^ sin C+ 8in^C+ \ ^ ^ sin 3C7 + 

a 2tt‘* 3 a* 

Ex. 6. If tan (B + cos 2/3= tan ipt prove that 

B^tan^P sin 2^+i tan* ^ sin 40 + J ton*/3 sin 60 + • 


Here, cos 2/3 = i— -%• 
^ tan(^ + 0) 
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tan^j8i 


1 - cos 2/8_ ta^(d+ 0) - tan 0 
'l + cos2/d tan (fl + 0) + tan 0 

sin (d+0^^)^ 

%in (tf + 0+0)* 


, • . sin ^ « tan sin (d + 20). 

Since this is of the form sin j; = w sin (aj+a), hence, by Ex. 4, above, 
the required expansion follows. 

Ex. 7. If tan x=n tan y, find a senes for x, [ C. II. 2935, '42. 


Hero, 












(l-n)<j^*^+l+n 
= * ^ whore 

2ix^2iy+\og (1+ fee' "**')- log (1 + fee***') 
= 2ty e- •») + - «-*'») - 


of X. 


7c* fe* 

x = y — h sin 2y+ ^ sin 4y- ^ sin 6y+* 


Similarly, a series for y can be obtained. 

Ex. 8. Expand e** cos hx and smbx in series of ascendmg powers 
e” cos 6a;=e“* i = 

=JU+(a+i6)«+<*-+f-**+<'*+f**‘ + ...] 

«w 

+ J[1 + (a -»)*+ +•••]. 
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rrn. rr ' 4. t n 1 (a + i6)*+ (a- i6)" 

Tho cooflicient of a; = ^ 

^ Let a=r cos 6 = r sin d ; then (a+i6)"+(a-i6)" 

-f 

i = (cos 0 + i sin fl)"+ r” (cos 5 - i sin ^)”= 2r" cos n6 

by De Moivre's Theorem. 




/ * 


coefficient of »“= 


r" cos nB 
n ! 


«“'■ cos 6a!=l+r cos 6, x+^~ + , 

where r= and tan $= -• 

^ (I 

sin 6a; = e‘***i [e'"*- 

As before, coefficient of x”= 

2» w I 

^ 1 2ir" sin nB sin nB^ 
2i n I M I ’ 

e“* sin baj-r sin ^.a:+** ^^a;*+ 

EXAMPLES X 

/l. If </> lies between Its and show that 
^ = iw - cot <t> + i cot®<^ - y cot*<^ + • 

[ Put (Jir-0) for B in Gregory's series ] 
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2 . Show that 

(■C>) 

[ 0. P. 1946, '47. J 


f") ”=17 713 

4 21 "six 343 


(-ir\f 2 1 I 

[ Gtoup together evety two terms of the setm m (%%). ] 

rr(*- j)- sl'-j)* s^- ‘s)-- 






[ c. p. im. ] 

3. If a; be < ( >/2 - 1), prove that 

2y . 1 / 2a; \» 1 /_^ \® 

“l-ir" 3 ll-a;®) 6 U-a;®/ " 


4. If 0 < 0 < Jti, prove that 


. -il-COS0 . 20 1, 10 0 

1 a. ~;s = tan^ o " o 17 + k o “ 

l + cos9 23 25 2 

. 5. If tan aj < 1, show that 

tan^aj-i tan*a; + J tan®a;-‘** 

= sin*a; + i sin*a; + i Bin®a; + '*- 
^ • 6. If 0 < in, prove that 

(i) log sec 0 = J tan*0 - i tan*0 + i tan*0 - ••• 

[ 0. K 1937. ] 

’ (ii) i sin®20 = 2 tan*0 - 4 tan*0 + 6 tan®0 - ••• 
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, 7. (i) Expand log (sec jc + tan x) in ascending powers of 
sin X, 

(ii) Expand log cos x in ascending powers of tan x^ 
when X lies between ± in. 

8. (i) Show that the coefficient of a;" in the expansion 
of cos X in powers of a? is I cos ^ • [G, U. 1929. ] 

(ii) Find the coefficient of x^ in the expansion of 
sin hx + sin ax in powers of x. [ C. H. 1943. ] 

Reduce tan"^ (cos d + i sin 6) to the form a + ib and 
hence sliow that 

(i) cos 6 "* "i- cos 30 + “B cos 50 - ••* *= ± ^ • 

[ G. n. 1931. ] 

(ii) sin 0 “ i sin 30 + i sih 60 - ••• 

-^log{±tan(f-+®)} 

the upper or lower sign being taken according as cos & is 
positive or negative. 

10. If tan 0 *= prove that 

1 + a cos a 

2 8 

0 = asina- ^ sin 2a + sinSa-'** [ C. P.1951.} 
A ^0 

[ r?iis is onZy moihieT form of Ex. 4 worked out. ] 

11. Prove that 

tan-^! tan-^y tan-_ig. 1 1 _1 1 1 

X y z 7 13 19 25 J 

where x, z are the three cube roots of unity. 
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12. If d be a positive acute angle, prove that 

(i) log tan (in + JO) == 2(sin 0 - i sin 36 + J sin 56 — •)• 

(ii) log cos 6 == - log 2 + cos 26 - J cos 46 + i cos 66 — • 


(hi) log 2 

a cos 0 + 0 sin o 

= 4[c sin®6 - ic^ sin® 26 + Jc® sin® 36 ] 


(iv) log (l - 2® cos 6 4- where -1 < x < 1, 

“ - 2(x cos 6 + Jaj® cos 26 + J®® cos 36 + •••). 

[ C. P. 1942. ] 

,13. Prove that 

(tan"^fl:)® =a;® + + Kl + ^ + - •••» 

where x lies between ±1, [G. 11. 1939. ] 

n 14. Prove that in any triangle, 

log ^ = (cos 2il - cos 2P) + 1 (cos iA ~ cos iB) 

Cb A 

+ Q (cos GA — COB 6P) + • • • 

u 


16. Given that 2/ = log + 2 J”® **** 

show that = -Cal/® +05^® [G. P. 1941 ; G. H. 1903.] 

16. (i) Prove that log (l + i tan 6) = log sec 6 + id and 
hence deduce the expansion for 6 in powers of tan 6. 

^(ii) Prove that log (l+*aj)**log Jl+x^'^i tan* V and 
houce deduce the expansion of tan‘"^flj in powers of x. 
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17 . Pinrl the sum to infinity of 

^ "" 372“ 5.2^ 

7 . J9 , 31 

^''^1.3.5’^ 5.7.9"^ 9.11.13^ 

the numerators being in A.P. 

[ 2{4u-3 + 4»-l"4;S-ll’] 

18 . Find the sum to infinity of 

+ ^x’^ + 1 -f. ... 

19 . When botii 0 and tan"^ (sec O) lie between 0 and in, 
-^rove that 

tan™^(sec ^ 2 ~ 3 2 ^ 2 ~ * * 

20 . In any triangle when a < c, show that 

- ill + - cos B + cos 21 ? + - } 

6^^ c; 1.2 c > 

sin n (a , -d ^ on ^ ••.I. 

=^„|^ 8 inB+-j^ 2 -.sin 2 B+ j 

21 . In any triangle where a '> h, show that 

h 1 1 

log G = log a - ^ cos 0 - 2 ^2 cos 2C - ^ ^3 cos 30 

[ 0. P. 1942. 1 

j^c^=:a® + 6*-2a6 cos C = a* ^ - | a 

22 . Expand in a series of sines and cosines of multiples 
of X 
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23. Show that if x lies between ± 1, 

log (tan" ^x) - log ic = - la;® + - ••• 

^ 24. If tan ^ = 2 tan ^ * prove that 

2 - 0) = sin ^ + 0 32 sin 20 + ^^3 sin 30+ ••• 

25. If the roots of the equation ax^ +bx + c — 0 bo 
imaginary, show that the coefficient of in tJie develop- 
ment of {ax^ + bx + c)~^ in powers of x is 
sin (n-\- 1 ) 0 } ^ sin 0 }, 

where 0 is given h^^ b sec 0+2 Jac — 0, 

[ 6\ 11. 1931, \W. ] 

*^26. If tan a; - - ^ » n < 1, prove that 

1 - 7 i cos a 

x = n sin a + sin 2 a + \n^ sin 3 a + • • • 

[ 0. P. 1939. ] 

^7. If tan 0 = oj -J- tan o, prove that 

0 = a + a; cos'^a — cos®a sin 2 a - Jjr® cos^a cos 3 a 
+ ix^ cos^a sin 4a + ••• [ C. H. 1910. ] 

28. If cot y = cot X + cosec a cosoc x, show that 

y = sin X sin a - 4 sin 2x &in®a + 4 sin 3x sin®a - ••• 

[ C. P. 1938. 3 



CHAPTER XI 


SUMMATION OF TRIGONOMETRICAL SERIES 


75. Method of Difference. 


When the rth term of a trigonometrical series can be 
expressed as the difference of two quantities, one of which 
is the same function of r as the other is of (r + 1), the sum 
of the series may ])e readily found as illustrated in the 
examples 1 and 2. 



Find the sum of the senes 


(i) cosec 04 cosec 2d-hcoscc 2*0+ -hcoser 

[ C. P. 1936. ] 


/..X sin X , sin X . s^n x , s x ^ 

(n) o + ~.> -I K tonterms, 

sin 2x sin ox s%n sm 4x sin 4.r sin ox 


(i) 


We have coscc 0 = 


1 

sin 0 


sin J0 
sin id sin 0 


sin (0-J0) _sin $ cos §0-cos 0 sin 
sin i0 sin 0’" sin J0 sin 0 

= oot i0 — cot 0. 

Thus, coseo 0 = cot J0 - cot 0. 


Similarly, coscc 20 = cot 0 — cot 20 
cosec 2*0 = cot 20 -cot 2^0 


cosec 2“"‘0 = cot 2"*'*0-cot 2"''0. 

by addition, the required sum 

*cot i0-oot 2’*'*0. 
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(ii) Here, rth term* . , . -f"? , . 

sin (r+l)® am (r+2)a; 

^ 8in-{(r+2)-{r+l)lT 
sin (r+l)aj sin (r+2)x 

_sin (r+2)fl5 cos (r+l)a; — cosfr+2)T sin (r+l)a* 
sin (r+l)a; sin (r+2)a; 

= cot (r-l-l)a*--cot (r+2)a5. 

Putting r=l, 2, 3,...??, and adding, the sum of the required series 
would be found to be 


cot 2a; -cot (n+2)». 
Ex. 2. Find the sum of the series 


l + 1.2a;^ l + 2.8c^ H-w(w+l).c 

Here, ? th term = tan “ 


, (T -1 (r+l)!; — rr 

l + A(r+l)a;‘* 1 + (r + l)a:.ra; 


= tan' ‘ + l)j; - tan' Va;. 
putting r=l, 2, we have, 
tan'*^^ = tan'^ 2a; — tan"'a; 


tan' 


^1 + 2 =tan'‘ 3a;-tan'^ 2a; 


by addition, the required sum 
= tan' ^ (n + l)a; — tan' 

76. Sometimes the rth term of a series, when multi- 
plied hy a factor, can be expressed as the difference of two 
quantities one of which is the same function of r as the other 
is of (r + 1). It is illustrated in the following two cases. 
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/(i) Sum of sines of n angles in A. P. 

Let the angles in A. P. be a, a + /3, a + 2i3,...{a + (n~ l)i3} 
the first term being a, and the common difference, /9. 

Let S denote the sum of the series 

sin a 4- sin (a + ^) + sin (a + 2)5) + + sin {a + (w - 1))3}. 

Multiplying each term of the above series by 

2 sin (half iliffemvcp) by 2 sin we have, 

2 sin a. sin 4/5 <’OS (a - ifi) - cos (a + 4/3) 

2 sin (a + /5). sin 4/3 = cos (a + 4/5) ~ cos (a + 

2 sin (a + 2/3).sin 4/3 = cos (a + 4/5) ~ cos (a + ^j5) -/ 


2 sin {a + (n - l)/5} . sin 4/3 


“=cosla+ ^ fij 

-cos^a+ 

Adding vertically, wo Jiave 


2 sin 4j3.S = cos |a - ^ j - cos 

hV>) 

'■=2sin|a+ 

. w/5 
sm 2 

sin^ / 

••• S" |•siil(a+- 

will ' 

i-‘4 


Cor, Putting /3 *= a, we get 

sin a + sin 2a + sin 3a + + sin wa 
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SI (ii) Sum of cosines of n angles in A. P. 

As before, let S denote the sum of the series 

cos a + cos (a + 1?) + cos (a + 2j5) + + cos {a + (w - l) jS}. 

Multiplying each term of the above series by 
2 sill {half difference), we have 
2 cos a. sin ip - sin (a + iP) - sin (a - iP) 

2 cos {a + p) . sin ip — sin (a + ^p) - sin (a + i/S) 

2 cos (a 4- 2p), sin iP = sin (a + ^P) - sin (a + 


2 cos {a + Oi - l)/9}. 

. I 2w - 1 . / , 2w - 3 

--sm^tt+ 2 |3|-sin^a+ py 

Adding vertically, wo have, 

2 sin ip,S - sin |a + ^ 2 ) 


-= 2 cos 


sin-* 

S j • cos 

sin § 


. nP, 
sin ^ , 




Cor. Putting j3 = a, we get 

cos a + cos 2a + cos 3a + ••••*• + cos wa®* 


. na 

sin o - 

2 ^w + 1 

cos ^ a* 

a 2 

2 


sin 


Note. This sum of tho cosine series may be deduced from that of 
the sine series by writing a+ ^ for a. 
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77. As an aid to memory, the two formulaa of the 
last article may be expressed verbally as follows : 

Q. , a + a + (n-l)j3 

Since, a+ 2 2 

»% Sum of sines of n angles in A. P. 


Bin 


w. diff. 
2 


. first anqle + last annh 


sin 


2 


Sum of cosines of n angles in A. P. 


sin 


2 first anqlp + last anqle 
2 


- 


Note. Prom tho abovo formul®, it is cloar that if sin ^ =0, then 
the sum of the sine series as also the sum of the cosine series is zero. 
Now, if sin *0, then = kwy or, 3=^^^* where k is an integer. 

Thus, the sum of the shies and the sum of the coshies of n angles in 
A. P. are each equal to zero tvhen the common difference of the angles 

is an even multiple of 

Ex. 2. Fh/id the sum of n terms of the series 

sin a — sin (o + j8)+sin (a +2/3) [ 0. P. 1938, *39, ] 

Since, sin (ir+^)= - sin ; sin (2ir+^) = sin 0 ; etc. 
the series is equal to 

sin a+sin (T+a+/3) + sin (2r+o+2/3) + 

i,e,, equal to a series in which the common difference of the angles 
is i8+ IT and the last angle is a+(»-l){j8+ir). 
n(^+ir) 
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Ex. 4. Find the sum of the series 

sin^ B + sin® 28 + sin® 3d + • • • + sin®nd. [ C. P. 1924, ] 

Since, sin®d = J(l-cos 28) ; sm®2d“ J(l-cos 4d) ; etc. 

. • . the given series *= }(1 - cos 2d) + }(1 - cos 4d) + — + i(l - cos 2n8) 

^2^2 2d + cos 4dH — +OOS 2nd) 

n 1 Sin nd / . , a j. nr, 

2 “ 2 sin d Art. 76. 

78. C + iS method of summation. 

When the sum of a finite or infinite series of the form 


ao + aiX-^-a^x^ +asX^+ ••• (l) 

IS known, we can obtain the sums of ohe two series of the 
form 

Oo + Oi cos d + a^ cos 26 + as cos SO + (2) 

and Oi sin O + a^ sin 2S-i-as sin 36+ (3) 


Let f(x) denote the sum of the series (l), and G denote 
the sum of the series (2) and S denote the sum of the 
series (3). 

Now, G + tS 

= ao + Oi (cos 6 + a sin 6) + as (cos 26 + t sin 26) + ••• 

= Oo + + 020®*^ + ••• 

=/(e*^). ••• ••• (4) 

Similarly, C-iS—f{fir*% ••• (6) 

Adding (4) and (5), C -i[fie^) +/(e”*0]. 

Subtracting (6) from (4), [/(e*0 

Cor. The sum of the two series of the forms 

Uo cos a + coEt(a + 6) + cos (a + 26) + ••• (6) 

ao sin a + «! sin (a + 6) + a 2 sin (a + 26) + ••• (7) 

can also be obtained by the above method. 
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Note 1. If 0 be realf then C and 8 can be obtained by expressing 
in the form il + iB and then eg[uating real and imaginary parts 
from both sides of the relation (4) ; then A and 

Note 2. The cosine and sine series of Art. 76 are particular cases 
of series (6) and (7), when aof rti, etc. are all equal to 1, and 9=^, 
Hence the cosme and sine series of Art. 76 can also he summed by 
this method. In this case, 

C+ iB= e*" + + to ?i terms 

which is a series in G. P. the first term being and the common 
ratio 

Ex. 5^^ Sum the series 

cos — i cos 29 + J cos 30 — ad inf ( — ir < 0 < ir). 

[ C. P. 1939, *45, *48. ] , 

Let C=cos 0 — J cos 20+ J cos 30 — 

B«*=sin 0-J sin 20+i sin 30- 

C+iS-’e^^-i.e^^^ + ie^^- 

<=x— Jic’+Ja’- [ putting »= ] 

=Iog (l+»)=log (1+e**). (1) 

Similarly, C-iiS=log(l +«"**). - (2) 

Adding (1) and (2), 2C=log (l+e**)+log (l+e“**) 

=log[(l+a‘0ft+a-")] 

=log{l+l+e**+e~**} 

, >» log (2 + 2 cos 0) « log (2.2 cos*}0) 

«log (2 cos J0)* *2 log (2 cos i0). 

.*• C {i.e. the required sum) log (2 cos }0). 
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Note 1. The above series can also bo summed in the following way. 
Writing down the exponential value of cos $y cos 2$, cos 39 etc. and 
re-arranging the terms, the series may be written as 

■)+J(v-4»*+J2/‘- ). 

[where and v “ ® 

or, =i log (l+a;) + } log (1+?/) 

= J log (l+ log (l + e"*^)=otc. 

Note 2. Wheie 6 is real, the sum of the series can also be obtained 
thus : 

C+ iS= log (l +e*^) = log (1 + cqfl 9 + 2 sin 9) 

*log (2 oos^j9 + 2i sin 59 cos J9) 

= log {2 cos i9 (cos id+% sin 59)} » log {2 cos 

= log (2 cos 59)+ log log (2 cos 59)+ 

Now equate the real parts. 

Ex. 6. Smn the series 

1 + xcosB+x^ cos 29 + + ®““^ cos(?i~l)9. 

Let C=l + a; cos 9+a® cos 29+ + a""^ cos (71-1)9 ; 

fif=® sin B+x^ sin 29+ + ®"“^ sin (71—1)9. 

This is a series in G. P. v 
. . its sum = ■ 

Multiplying the numerator and the denominator of this sum by 
1 — we have, 

1-2*003® + *'* 


C+»S 
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Now, the denominator is real and the numerator when simplified 
will bo found to consist of a real part and an imaginary part. Therefore 
o(iuating the real parts, wo get 

1-® cos a*" cos cos {n—l)0^ 

^ l — 2x cos 0 + X* 

Ex. 7. Sum the senes 

cos a + 2 cos (a + /3) + 3 cos (a + 2/3) + *** + n cos ■{a+(n-“l)j8}'. 

[ C. If. 19U. ] 

Lot Ur denote therth term and S denote the sum of the given series. 

Now, 2 cos p.Ur-2 cos /3.r cos '{o+(r-l)/9)- 

= r [cos (o + r(i) + cos {a + (r - 2) jS}] . 

putting r= 1, 2, 3,...n and adding together, wo get 2 cos /S.jSf. 

Now, subtM iat 2 cos from 25 ; then 
25(1 - cos j3) *= (n + 1) cos (a + (« — l)p} - cos (o — j3) — n cos (o + «/3). 

Dividing by 2 (1 - cos jS), 5, the sum of the required scries would 
be obtained. 

Note. Similarly the sum of the series 

bin 0+2 sin (o+i3) + 3 sin (o+2/3) + + n sin (a+(n-l)/3} 

would bo obtained. [ C. If. 1022, ] 


EXAMPLES XI 

1. Sum to n terms the following series : 

^ 1 ^ sin a + sin |a + ^ j + sin |a + ^ j + 

[ C. P. 1932, ] 

(ii) cos a + cos |a + + cos |a + + 

j(iii^in a - sin 2o + sin 3a - 


[ 0, P. 1929. ] 
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kim CQBfa + cos®3a + cos^5a + ••• [ C. P. 1930, ] 

|^8in®a + sin® (a + ^)-l-sin* (a + 2j3)+ 

L C, P. 1932, '37. ^ 

(vi) sin®a + sin®2a + sin®3a + 

(vii) sin^a + sin^2a + sin*3a + 

(viii) sin 30 sin 6 + sin 60 sin 20 + sin 120 sin 40 + ••• 

(ix) sin®a+ i^sin®3a + A sin®3®a + A sin^3®a + -•• 

o O tj 

ptj^sin (p + l)a cos a + sin {p + 2)a cos 2a + ••* 

. L C. P. 1036. ] 

9 . ^ . a . 3a . a .3a, 

sin a sin 3a -r sin sin ^ + sin ^2 sin ^^*2 + '•' 

L C. P. 1936. ] 

(xii) cos 0 cos 20 + cos 30 cos 40 + cos 50 cos 60 + ••• 
(xiii) sin x cos x — sm 2cC cos 2x + sin 3a; cos 3a; - ••• 
Ji^ sin^O sin 20 + sin®20 sin 30 + sin'^^SO sin 40 + ••• 

I C. P. lOJ-1. J 

v^l + sina+ \/l + sin2a + Vl + sin 3a + ■•“ 

[ c. H. ion. ] 


2. Prove that : 


(0 


sin 0 + sin 30 + sin 50 + 
cos 0 + cos 30 + cos 50 + 


to n terms 
to n terms 


tan w0. 


(ii) sin^a + sin® |a + + sin® |a + + ••• to n terms 

“ 4w, except when n = 1, or, 2. 


8. Eind the sums of the^series 
in a + sin 2a + sin 3a + 


to n terms, 
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aridy"^^^ cos a + cos 3a + cos 5a + •••••• to n terms. 

Hence deduce respectively the sums of the series 

+ 2 + 3 + to n terms. [ 0. P. 1951, ] 

and 1 ® + 3® + 5® + to n terms. 7 [ 0. P. 1942, ] 

4. 


1 ® + 3® + 5® + to n terms. ^ 

j^^um to n terms the series 


sin a sin 2a + sin 2a sin 3a + sin 3a sin 4a + ••• 
and |(i^hence deduce the sum of the series 

1.2 + 2.3 + 3.4 + ••• to n terms. [ 0. P. 1940, ] 

5. If jS be the exterior angle of a regular polygon of 
n sides, show that, 

(i) sin a + sin (a 4- p) + sin (a + 2j3) + ••• to n terms = 0. 

(ii) cos a + cos (a + j3) + cos (a + 2P) + ••• to 7i terms = 0. 

2 ]|> 

[ Here ^0^0 vse note 0} Art, 77 , ] 


6 . Sliow that the sum of the series 

cos a + x cos (a + jS) + aj*coB (a + 2j3) + to 71 terms, 

where nP = 2 -"i and x is one of the wth roots of unity, vanishes 
with two exceptions, and find the sum in these two cases. 


7. S^m to infinity the following series : 

(i) ^cos 6 - i cos 36 + -J cos 56- [ C. P. 1940, ] 

(ii) sin a + ^ sin 2a + sin 3a + 


^ r. . cosec 6 , cosec^6 

(in) cos 0 4 ~ ^ 1 — ' 



SUMMATION OF 8BBIBS 


147 


(y/ 1 ” 2 ^ 2 4 * 2 4^i ^ 

vhere a lies between ±ji. L 0. jET. 1031, '30, '42. ] 

[H«reO+i3»(l+«*®)-i] 

Xvi^ sin a + ic sin (a + j3) + 2 j sin (a + 2p) + 

[ 0. H. 1940. ] 

(vii) sin 0. sin 0 - i sin 20 . sin®0 + i sin 30 sin ®0 

(viii) 2 cos 0 + 7 cos *0 + 7 co 8®0 +4 cos *0 + 

2 tan 0-7 tan ®0 + 7 tan® 0 - f tan '^0 + 

( - < 0 < i?! ) [ 0. P. 1942. ] 

0 - i sin 20 + i sin 30 -••••••(- ;i < 0 < n) 

[ C. P. 1941. ] 

(xi) cos 0 cos 0 + cos ®0 cos 20 + cos®0 cos 30 + •••(07*^n7i). 

’/ •\t» j cos 2x , cos 3flj , 

(xn; 1 + cos fl?+ - 2 ^ -+ +••• 

(xiii) c cos a - Jc® cos 2 a + Jc® cos 3a - ••• (0 < c < 1 ) 

(xivj m sin®a - im®sin® 2 a + 4 w® sin® 3 a ( 0 <m<l) 

[ C. H. 1936. ] 

/ N sin X sin 2r . sin 3x 

(xv) — a~+ 

n 71 71 

(xvi) cos ir sin a? + i cos®a? sin 2a; + ^ cos®a; sin 3a? + ••• 

(0 < flj -< ») 

8, Sum to n terms the series : — 

y^^^tan a + 2 tan 2a + 2®tan 2*a + 

[ tan SV* cot S'a — 2 cot 2*^ ] 
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(iii) + — ~ + 

cos a + cos 3a cos a + cos 5a cos a + cos 7a 

[ C. H. 1935. ] 

tan-" I + tan-" J + tan-"^3 + - + tan-"^ ^ ^ 

(vj tan"^rt + tan“^o 02 + ••• I G, II. 1937.] 

2.1 2.2 2.3 

[ (2r+l)-^/i?i“^ (2r~ 1) ] 

^i) n/I + Sin 2a + Jl + sm 2(a + p) 

+ x/l + sin2(a + 2iS)+ ••• [ C. IT. 1926. ] 

[ &Mi. 0 + cos \/2 s^7l (04-Jir)and l + s»w 2^ = (sin 0-^(Os 0)^ J 


(yO tan-"j^/^j.+tan-"j^^ 


yyi; *an + 1 + 2 + 2 -’ 

+ tan-’l + 3^3^ + 

cot-" (2.1*) + cot-" (2.2®) + cot-" (2.3*) + ••• 

[ cor* (2r’) = frt»»"‘^i ; compane Ex. 8{v) ] 

[ C. H. 1948. ] 

,(ix) cos 3 + 2 cos 23 + 3 cos 33 + ••• + n cos n3. 

[ Multiply the ber%€s by 2(1 — coa 0) ; cf. Ex. 7 worked out. ] 

^(x) COS X COS 205 cos 3jr + c4fe 2o5 cos 3x cos 4 a 5 + ••• 

(xi) 2 sec 3 + ^2 sec 3 sec 23 + ^3 sec 3 sec 23 sec 2^3 + ••• 

[ 0. H. 1934. ] 


[ 1st ternf^sm 0 {cot 3— co< 23) ] 
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9. Prove that 

(i) log cos 6 + log cos + log cos ^2 0 + •" to inf. 
sin 20 


-log 


20 


[ rr ri !■/. 1/. MW 0 1 

r se Lt ros ^ $. cos cos ^ • I 

(ii) COS ]n i-i cos ^ cos § ji + to inf. = 0. 

r C + iS - - log {1- irliere 0 = Jw ] 

(lii) 2(cos“j- i mn^2j:+ \ cos“»Sa;-i sin®4fl;+ •••to inf.) 

c = lof^ (cosec x\ if re 7 ^ nn. 

r. \ c sin B , 1 c® sin 2B , 1 c* sin 37? , a • f in 

(ivj ^ L + 41 / . 2^2 + . t \3 + •••toinf. = tu, 

rt + 6 2 (a-i-b) 3 (a + 6) 

where a, h, c, 77, C denote the sides and angles of tlie 

trianj^le ABC. 

iffp Sum the series 

•a ^ ^ 4 . 1 

tan a? + 2 o ^ 2*^ 2'"*^ *** 2”“^ 

and find its limiting value when n is increased indefinitely. 

1 0 . 77 . 1932 ; 0. P. 1933, '44. ] 

r tan x—cot «— 2 cot 2x. ] 

•11. Sum the series 


tan X tan 2x + tan 2® tan 3x+ + tan nx tan {n+1) x 

and hence deduce the sum of the series 
1.2 + 2.3 + +n(n+l). 

■^12. Sum to n terms the series 

1+2 cos 6 + 2 cos 26 + 2 cos 36 + ••• 


If this sum be denote^} by iS«, prove that 

5i + $2 + + 5« - sin*i»6 cosec‘i6. 

[ C. H. 1928 . 1 
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18. If P s sin 8 + sin 38 + sin 58 + to w terms, 

Qscos 8 + cos 38 + cos 58 + to w terms, 

and if a right-angled triangle be constructed such that the 
sides which include the right angle are of lengths P and Q 
respectively, prove that the length B of the hypotenuse can 
be had as a rational function of cos 8 of degree n-1. 

Also obtain the actual expression for B when 

[ 0. H. 1930. ] 

14. If Sn be the sum to n terms of the series 
sin X + sin 2x + sin 3a? + , 

prove that Lt j cot ix. 

ttr^oo n 

^16.* If c-cos®8-i co 8^8 cos 38 + i cos'*8 cos 58- , 

show that tan 2c *2 cot ^8. [ G. H, 1934, ^40. ] 

16. A regular polygon of n sides is inscribed in a circle 
of radius a ; prove that 

(i) the sum of the lengths of the perpendiculars drawn 
from the angular points to any diameter is zero ; 

(ii) the sum of the lengths of the lines joining any one 

vertex to each of the otlier vertices is 2a cot ” • 

2n 



CHAPTER XII 


HYPERBOLIC FUNCTIONS 


70. Definitions of Hyperbolic Functions. 


Tn analogy with the exponential values 

jii 

and Ke*** of sin x and c-os x, the functions 
and + {x being 7ral or complex) are called the 
hyperbolic sine and hyperbolic cosine of x and are 
written as sinh x and cosh x respectively ; tlie other 
functions are defined thus : 


coin 


. , smh X e - 0 , 

tanh 03 = — . ~ » 

coshir c +(3 

cosecha;= \ I sech a3= | -• 

sinha; cosh x 


rann i 


Note 1. From tho definition, it follows that 

e^sscosh x+sinh z and e^^^cosh x— sinh z. 

Note 2. Just as the ordinato and abscissa of a point P on iho 
circle +7/® are denoted bv a sin 0, a cos B, so the ordinate and 
abscissa of a point Q on tho rectangular hyi)erbola .t® — 7/* = may bo 
denoted by a sinh B, a cosh B, Thus tho hyperbolic sine and cosine 
have the same relation to the rectangular hyperbola, as tho sine and 
cosine have to the circle. For this reason the former functions are 
called Hyperbolic fanctions, just as the latter are called Circular 
functions. 


80. Hyperbolic Functions expressed in terms of 
Circular Functions. 

Since, for all values of 6, wo have 

sin ® ® i 
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hence, putting ix for 0, it easily follows that 
sin^ = « sinh x 

t 

and cos ix - = cosh x. 

Thus, sin ix»i sinh x 
cos ix » cosh X 
tan ix i tanh x. 

Thus, the hyperbolic functions are expressed in terms of 
circular fund ions of ix by following equations : 

sinh X- -i sin ix ; cosli x — cos ix 
cosech x = i cosech ix , soch x = sec ix 
tanh ir = - ? tan ix ; coth x = i cot ix. 


81. Formulae of Hyperbolic Functions. 


Tn general corresponding to most of tlie trigonometrical 
formulo involving circular functions, there are formuldp 
involving hyiierbolic functions. A list of some such formuLe 
is given below 


cosh^x - sinh®x - 1 

”• (i) 

sech^x + tanh^x 1 

... (2) 

coth^x - cosech^x — 1 

(.3) 

sinh (® ± ?/) = sinh x cosh y± cosh ® sinh y 

... (4) 

./cosh (® ± 2 /) = cosh X cosh y± sinh ® sinh y 

... (5) 

i_ / . \ tanh ®± tanli*V 

... (G) 

sinh 2® = 2 sinh ® cosh ® 

- (7) 


cosh 2x = cosh®® + sinh®® = 2 cosh®® - 1 *=* 1 + 2 

, , 2 tanh x 

y tanh 2®«“ , , , V 2 
^ i + tanh ® 

sinh X + sinh y — 2 sinh k{x + y) cosh i (® - y) 


sinh®® (8) 

(9) ' 

( 10 ) 
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sinh X - sinh y = 2 cosh i(x + y) siiih i{x- y) ••• (ll) 
cosh x + cosh y = 2 cosh i(x + y) cosh i{x-y) (12) 
/cosha;-cosh?/ = 2 sinli J(ir + 2 /) sinh *** (13) 

2 sinh X cosli y = sinh (x + y) + sinh (x-y) ••• (14) 

2 cosh X sinh // = sinh (a; 4- y) - sinh (x-y) ••• (l5) 

2 cosli X cosh y = cosl i (x ■^y) + cosh {x-y) • • • (16) 

2 sinhaisinli t/ = cosh (a* + ?/) -cosh (r~ y) ••• (17) 

sinh 0-0; cosh 0=1; tanh 0 = 0 (IR) 

sinh (-a’)- -sinli x ; cosli {rx) ^ cosli (l^) 

82. The above tornmko ran he detluceti either from the 
correspond irif? formula of tlie circular functions or they may 
ho obtained directly from the definitions. 

Let us consider the first formula. 

Since, for all values of 0, we have 

cos^O + sin^0= 1 

hence, puttinj* ix for 0, wo have, 

cos^fj’-t'sin'/.r- I. 

.*. by Art, 80, cosh^a; - sinh'*^a7 = 1. 

Othcnciup : 

cosh®.r - sinh^.r = \i{e/ + - \i{e^ - c”®)}® 

= + 2 - - e**®* + 2} 

= 1 . 

Similarly, the other formuloi can be established. 

83. By means of the first three formuke combined with 
the definitions of hyperbolic functions, any one hyperbolic 
function can be expressed in terms of any other. Thus, 
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if sinh x=ity then cosh tanha;®^^^ a.nd 

cosech X, sech x, coth x are respectively equal to the 
reciprocals of these values. Similarly, all the hyperbolic 
functions can be expressed in terms of cosh or, tanh x etc. 

Note. Just as Jl-x* can bo expressed in a rational form by 
putting a;=sin or, cos 0, so Jl+x'-* and -1 can be expressed in 
rational forms by putting a: = sinh 0 and cosh^ respectively. These 
substitutions are of great use in integration. 


84. Expansions of sinh x and cosh x. 

sinh X = 

+ + - + 

+ 

cosh X “ iie^ + e"*) 

+ + ■^(^“® + ll"3l‘^‘")] 

„4 

= 1 + + + + *•••••••• ^ 

2 ! 4 ! 6 ! 


85. Periodicity of Hyperbolic functions. 

sinh (0 + 2iwi) = 

since c^*”’*'==cos 2nn + i sfa 2»w = 1, n being any integer ; 

. * . sinh (6 + 2inn) = sinh B, 

Similarly, cosh (d + 2m;i) = cosh 0. 

It can be shown, as before, 

sinh (S + inn) = - sinh S ; cosh (9 + inn) = - cosh B, 

. * . tanh iB + inn) = tanh B, 
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Thus, the hyperbolic functions are periodic functions 
with an imaqinary period ; the period of tanh x is half that 
of sinh X and cosh x, 

86. Gudermannian Function. 

If cosh 7/=sec B, then sinh u— Aycosh®w-l= \/seo®0-i 

“ tan 0. 

Conversely, if sinli z/=tan0, then cosh ~ Vl + sinh®!^ 
= Vl+tiin®0 = &ec 0. 

. sec 0 + tan 0 -= cosh if + •sinli u 

= log (sec 0 + tan 0) 

" log tan + ^0), or log cot (i;* ~ J0), 
from elementary trigonometry. 

0 is usually called the Cruder mannian function t of u and 
is denoted by qd u , 

so that* 0 *= u = sec"^ (cosh v) 

^tan”^ (sinh v) 

and u = qd'~^d = log tan (1:7* + id). 

87. Inverse Hsrperbolic Functions. 

If sinh u = z, then u is called the inverse hyperbolic 
sine of z and is denoted by sinh'^j?. A similar definition 
applies to cosir^^:, tanh”^^:, cosech"^^, sech”^^ and coth“^£f. 

* Called after the name of the mathematician C. Oudermaiin 
(1798-1851), whose researohes on hyperbolic functions led to the 
discovery of the function »• 
tan”‘ (sinh x). 

t Some mathematicians o^l 0 as the hyperbolic emphtude ofu. 
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(i) Let = M, 

tlien z - sinh « - 2 ~ ~ I [ ~ e“] 

e““-22.c’‘-l-0. 


Solving this as a quadratic /or (•“, 

if 

JL « 

+ log ± + 1). 


Noting that 


vV^ + 1' 


, (xr- v/r* + l)(-+ Jz^ + l)_ 


-1 


Jz 


Z t- Jz^ +1 
and that log ( - l) = (2^* + l)nit 
both values of ti can be included in the expression 
a ** inn + ( - 1)’*' log ( 5 ; + 


z - 


Thus, the qeneral value of sinh’^sr 
- inn + ( - l)’‘ log ^+ 
and its princiijal value is log (7+ 

(ii) Let cosh“^ z-u, 

then z ”■ cosh u “ 2 ” 2 [ e J 

as before, e^ = z± 
u-2nni + \og{z± ^/^®-l). 

jer-t- kJz^-1 


Noting that z- = 
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both values of u can be included in the expression 
u - 2 nm ± log (z + Jz^ - 1). 


Thus, the qeneral values of cosh“^2; = 2nni±log (2+ 
and its principal value is log (2;+ — 

(iii) Let tanh"^2; = 


then, 2f“tanli u 


sinli?/ 

coslw^ + 





2// - %%ni +log I 

x'~ Z 


n i (*., the qeneral value of tanh“^2i*77:?T/ + ^ log 


1+z 

1-z 


and its principal value is log J ^ / 

M J. “ Z 

By sinir^z, cosir^z, tanli"^^? are usually meant their 
principal values. 

Similarly, the priiiLlpal value of cosech"^2?. secir‘*'2? 
and coth”'2f are respectively tlie expressions 


log 


, 1+ Jl + z\ j 1 + n/1-2“ I , z +1 

, — — log ^ ’2 ’"8.-1' 


88. Inverse Hyperbolic Functions expressed as 
Inverse circular functions. 

If 5f = sinhw, ••• ••• (1) 

then, z- -i sin •since, sinh u - -i sin in, 

iz^ sin in. 



158 


HIGHER TRIGONOMETRY 


7 sin ^{iz) = -zsin’^fo). 

i 

But from (l), u = sinh"^;?. 

. ■ . sinh" ^ J 2 f *= “ «■ sin" ^ 

Similarly, co8h"^;g? = - ^ cos"^ (^r) 

tanh“^£f= — i tan"^ {iz). 


By means of the expressions obtained for the inverse 
circular functions of a complex argument, the value of the 
inverse hyperbolic functions can be easily obtained. 

89. Ex. 1. Separate the folloiring expressions into their real and 
imaginary parts ( x and y being real) ; 

(i) sin (aj+ij/). [ O. P. *50, ] (ii) cos {x+iy), [ C. P. 1931, ] 

(iii) tan (as 4 iy). [ P. B, 1931, 1 (iv) sinh (x-hiy)» 

(i) sin (aj+i7/) = sin x cos t.y+cos x sin iy 

= 8in X cosh 2 / +4 cos x sinh y, by Art, 80, 

(ii) Similarly, cos (a; +4?/) = cos x cosh y-i sin x sinh y. 


(iii) tan {x-i-iy) 


bin («+i 2 /) 
cos (a;+4y) 


sin (x+iy) cos (x'-iy) 
cos (x+%y) cos (x—%y) 


sin 205 + sin 24?/^ sin 2aj+i sinh ^y^ 
cos 2aj+ cos 2%y P cos 2a; + cosh 2y ' 


(iv) sinh (x + iy)^ -4 sin {4(a;+i7/)K by Art, 80 
e -4 sin (4a;- y) 

= -4 (sin ix cos 2 / -cos 4a; sin y) 
a - 4 sin ix cos y+i cos ix sin y 
a sinh X cos y+i cosh x sin y. 
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0 E*. 2. 


Separate into real and imaginary parts the expression 

tan-^ (x + ty). [ C. H 1934, '40, '46. ] 


Lot tan* ^ (® + ^^/) = a + 1 ^, so that, tan (a + tjS) = a + ; 

then, tan (a — t/3)=a;“iy, by Art. 47 or as can be shown by 
using (ill) of Ex. 1, above, and equating real and imaginary parts. 


tan 2a = tan -{(o + 4/3) 4- (o — M)} 

_ tan (a+ i/3)-f tan (a — 4/3) 

"" 1 - tan (a + 4/3) tan (o - 1/3) 

_ (7;+ i7/) + (jr — 17/) _ 2/ 

l — {x + iy}{x-'iy) I-/**— 1 /-* 



2a- 

a*‘-7/'* 


... (1) 


tan (2ip) = tan {(a + 1/3) — (a — i d)} 

_ (r4-i?/)-{? ~/v) _ 2i?/ 

l + (i;,+ t7/)(r~ ny) 1 + a; +iy‘‘’ 


Since, tan (2i/3)= i tanh i 


4 tinh 2/3= 


2J7/ 

l + a^' + iy'* 




(■■) 


Hence from (i) and (11), 

tan“‘(.c+i7/)= itan*‘ j + o \ j. 1 * 

' ” 2 l-jj^-iy-* 2 , l + r'* + v^ 


Ex. 3. Expiess smh 2a+ sink sink 2y- sink (2o+ 2/3+27) 474 
factors. 

Given exp, = (smh 2a+sinh 2/3) + {smh 27 -smh (2a + 2/3+ 27)} 

= 2 sinh|(a+/3) cosh (tt-/8)-2 cosh (a+/8+27) smh (a + /8) 
= 2 smh (a + j8){cosh (a - /3) - cosh (o + /3+ 2y)} 

= 2 smh (a+/3){— 2 smh (a+7) smh (/3+7))- 
= - 4 smh (a+/3) sinh (^+7) sinh (7+0). 
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Ex. 4. Express cosh’’ 9 in terms of hyperbolic cosines of multiples 

co8h’fl=2^. (e*'+e"V 

= 2,[«'^* + 7«''* + 21e^'’ + 35e* +a5e"*+ + 

= 7{t°* + e"^) + 21(6 ®*+c"“) + 35{/ +«“*)] 

=^, [2 cosh 78 + 7.2 cosh 68 + 21.2 cosh .‘)8 + 3.6.2 cosh 8] 

= ^o [oosh 78 + 7 cosh 58 + 21 cosh 38 + 35 cosh 8]. 

y 

Ex. 5. If sin (d + i<p)—tnn {x+ ly)^ show that 

fan B_ _ sin 2x ^ 
tank 0 s'lnh 2y 

Since, sin {B 4- 1 0) = tan (x + 1;/), 

sin (0-i0) = tan (x-iy) ; [ Sco Art. 47, Thro. II J 

. sin + 10) + sin — 70) ^ tan (a* + 1 //) + tan (a* — iy) . 
sm (e/4 ^) — sin ((/ — 10) tan (a; 4- 1?/) — tan {x — %y) ' 

. 2 sin 5 cos (i0)__sin {(a* 4- iv)-^(x—iy)\ . 

2 cos B sin (10)”" sin {(x+iy)'-(x-iy)\ * 


. 

^n d __ sin 2x ^ 


tan 0 

_ sin 2 jj 


tan a0'~sin (2i7/) 


% tanh 0 

% sinh 2,7/ 

Hence 

the result. 




'^x. 6. 

Show that Hn'^ 

(cot $ t mh 0) = n log 

p 

sin (B-hi^) 
svn (0 — 10 ) 

Let 

tan'^ (cot B tanh 0) = 2 r. 



Then, 

tan «»cot $ tanh 0. 




(» 

1 

1 

e»8+^-<8 

•o. 

1 

1 

•©- 


or, 



e^+e"^ 
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■ +«-»*“ (e*»-8-‘»)(/ + «-<*)■ 

by Componendo-Dividendo, 

^tx 

+ 10) - l(tf + 10) 

nr ssr ^ ® 

_8in (tf + 10)^ 
bin (tf - 10) 


.’. takiBg principal values of both sides 

2,*=Iog 

® Sin ((/ — 10) 

wb(‘ncc the result follows. 


Ex. 7. t/u? sum to %njimty of 

cosh cosh 2aj+ ^ 2 * cos/i 8'c+ ••• [ C. /f. 7£i».5.'>. ] 

Let 5 denote the sum ; then writing cosh ®= 2 
cosh 2®= 2 etc., and putting a=e'’, i;=e"% wo get 

2S=[a+«;7a> + 7;®«’+--.] + [6 + 7i?6'+'|;“6» + 

= eV’ V"' *“* 

ocCsinh as+coih “i** a5(coib.'t-8inh x) 

_^8in OB cosh e ^^ac+sin x sinh ac ^^-as-sin » sinh x J 
= ® ®®*** * [ 2 cosh (® + sin x sinh ®)] . 


11 
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EXAMPLES XII 


1 . Prove that : — 

sinh 3® = 4 sinh®® + 3 sinh x. 

(ii) cosh 3® = 4 cosh*® -3 cosh ®. 

i 1 o 3 tanli ® + tanh®.r 
vliii; tanh 3® - 1 , 04 . i 

1 + 3 tanh ® 

(iv) tanh (® + 2 / + ;:) 

_ tanh .r +tanh v + tanh -z + tanh .r tanh 1 / tanh c 
1 + tanh y tanh z + tanh z tanh ® + tanh ® tanh u 

Jfff sinh“V + sinir^l/^sinh"^ (® \/y^ + l + u + 

tanir^xt tarih“^2/ = tanh’'^ * 

j. it xy 


sinh cosh ^ ^/(l + ®^)*=tanh“^ 

(vUi) (cosh ® ± sinh ®y* - cosh nx ± sinh nx. 

[ C. H, 1922. ] 

(iaO (cosh 61 + sinh 0 i)(cosh + sinh B^ 

. . . (cosh Bn + sinh 

= cosh {Bi + Oa + ••• + 0 n) + sinh (O^ + 0 o + ••• + Bj^. 




cosh B + sinh ^ 
cosh + sinh ^ 


cosh (d - <^) + sin {B - </>). 



sinh {u - v) + sinh u + sinh {u + v) 
cosh (?^ - i?) + cosh u + cosh {u + v) 


tanh 21 . 


^ii) (1 + cosh B + sinh B)^ 

\ 

“ 2" cosh^ 1 1 cosh ^ + sinh 
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2. Separate into real and imaginary parts 
cosh (x + tanh (a: + i y). 

ffii) '^c (» + *£/)./' [ C. n. 1942. ] 

(iv) (a) sin"^ (cos 0 + i sin d). [ P. H, 1035, ] 

(&) tan“^ (cos B sin 0), 0 < 0 < 

(v) sin”^ (a* + ?!/). (vi) cos“^ (r 4*zf/). 


cos {b + i4>) + i sin {B - 
(viii) log {cosoc (.r + ?//)}. 

If cos"^ (a + ^^) = 0 + /</», show that 
a%ech®</> + /3^ cosech‘'^<#r«= 1. 

If sin (a + ip) — x + iy^ prove that 
v^i) cosec® a - 2 /®sec®(i — 1. 


[ C, IL 1942, ] 


•^i) a*® sech®/3 + //®cosech®/3 = 1, 
0$^ If tan (a + ip) ~ a’ + iy, 2 )rove that 
^ (i) a*® + 2 /® + 2a* cot 2tz = 1. 


(ii) a-® + /y® - 2y cot h 2^ - - 1. [ P. iJ. ] 

A/' It tan (a: + ^^/) = cos a + / sin a, prove that 
^ — ± tan (i»+ ^a) and i». 

[ C. H. 1928. ] 

Show that the general solution of 
y^ii) sinh a* = 1 

is a; = inn + ( ~ l)~ log (1 + J2). [ G, H. 1920, ] 

v^^jii^fSan"^ (e*^) - tan”^ (e"*0 = tan'’^^ 
is a; = TOT* + ( — 


If a; = cos B-i cos 30 + y cos 50 

sTnd 2/ = sin 0 sin 30*+ y sin 5B - ••• 
show that tan B ^ sinh 2y cosec 2a;. 


[ a. H. 1926. ] 
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If cosh ^ (x + iy) + cosh ^ (x- iy) = costr^;?, 
then 2{z-l)x^ +2{z + i)y^ = z^ -1. 

10. If cosh a; sec 0 and x = B-¥ 

prove that d = x-a^x^ +^ 52 ;® - ••• 


11. Show that 

g !^ . , _i rtan .r - tanh yl 

— tan“^ (cot X coth y). 

(ii) tanh'"^fl; = ir + Ja*® + ^a;® + •*• to infinity. 

(iii) tanh 5 + J tanh ®0 + y tanh ®0 4- ••• 

tan 0 - J tan ®0 + J tan ®0 - ••• 
where 0 lies between ± in. 


12. Sura the following series : 

(i) sinh X + sinh {x + //) + sinh (a; + 2?/) + to 71 terms 

(ii) cosh X + cosh (» + //) + cosh (a; + 2 //) + to ?i terms 

(iii) sinh x-i sinh 2a; + i sinh 3a; - to inf. 

(iv) 1 + cosh X + cosh 2 a; + cosh 3a; + to inf. 


(v) tanir * X + tanh*" ^ j- _ ^ * 3 
+ tanh-^^-::^3P + 


to n terms. 


(vi) sinh x cosh 2a: + sinh 3a; cosh 4a; 

+ sinh 6x cosh 6 a; + — to n terms. [ C. H, 1938, ] 

(vii) co 8 h*a; + cosh® 3a; + cosh® 5a; + ••• to terms. 

(viii) cosh 0 + 2 cosh 20 + 3 cosh 30 + ••• to n terms. 
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(ix) 1 + .T cosh 6 + x^ cosh 2B + aj* cosh 3d + ••• to inf. 

/ \ x^ 

(x) X cosh ® ■*" 2 I ^ 3 ! 3a + ••• to inf. 


[ C. P. 1937. 1 

Solve : 

• (i) cosh (log x) — sinli (log ix) + J. 

. (ii) cos (x + ^l/) ■= i. 


14. If rr > 0, show that 

cosh X > ‘'inli X '> X "> tanh x. 


Show tljat 

smh r 


TA 

/->0 


Evaluate Lt 


1 , 

sinh d “ sin d 
d“ 


TA , =1. 

r->o tanh X 


tw: 

4«r. 



If cos d cosh </> = cos a, sin d sinh </> = sin a, 
prove tliat sin a** ±sin*d=» ±sinh®<^>. 

If cos*"^ (z^ + z y) = a 4- prove that 

cos® a and cosh®jd are the roots of the equation 
x® - a;(l + ?^® + V®) + 7^® =0. r C. n. 1938. ] 

If sin“^ (ii + et?) = a + tP, prove that 

sin®a and cosh®)? are the roots of the equation 
a;® -x(l + 74® + v®) + 7/® =0. 

If tan”* (ij* + 4</>) = tan” (in + iv), 

show that m tan“^ w tan“^ 



MISCELLANEOUS EXAMPLES II 


[ On Chapters VI-XII ] 

If a, P are the roots of + 2 = 0, prove that 

(r + a)"-(T+/J)»^si5 «0, o==corMa: + l). 

a-p sm B 

2. If a = cos 2a + i sin 2a, b =* cos 2p + i sin 2/?, 

c = cos 2y + ? sin 2y, d *= cos 26 + i sin 2«3, 

show that 

(i) Jabcd + = 2 cos (a f j3 + y + d). 

/ + 's/ab = 2 cos (a + p - y - .?). 

3. (xi vcn P — cos /50 + i bin bO 

Q = oos 70 h? sin 70 
cos 110 + / sin 110 
= cos 130 + } sin 130 

show that 

(1) S is a fourth proportional to P, Q, B, 

(2) One of the values of the expression 

vanishes for all values of 0. [ C. JT. 11^26, ] 

4 . If the product (P) of the n binomials 

cos + / sin ai, cos +/ sin 02 ,.- -cos an+ i sin a^ 
be an imaginary cube root of unity, prove that 

3(ai +aq t- +a„) 

271 

must be an integer of the form 34 + 1, or, 34 + 2, 4 being 
zero or any integer positive or negative. [ C. H. 1927 . ] 
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5. Show that {cos x + cos j/ + ; (sin x + sin y)Y^ 

+ {cos X + cos y-i (sin x + sin y)}” 
= 2”’^^ {cos J (a; - y)\^ cos n. J {x + y). L C. P. 1949. ] 

6 . Prove that if n be an odd integer, sin nO + cos n9 is 
divisible by sin 0 + cos 0 or else by sin 0 - cos 0 . 

[ C. IL 1940. ] 

7. Adjust the constants a and b in sucli a way that 

T.^ cos .r + hr sin .r ~ /) 

J-jt 4 

j-^O X* 

may exist finitely, and find this limit. [ G. H. 1912. ] 

8 . Solve for 0 

(cos 0 + i sin 0)(cos 30+2 sin 30) 

•••(cos 2 / - 1 0 + / sin 2 r” 1 0) - 0. [ 0. P. 1912. ] 

9. Show that ain ^0 

3 pi*' - 1 g3 _ ^ ~ 1 flfi a. ... 4.f-. iV*“^ ^ (oan+i 

4 I 3 ! ® r,! ® ^ ( 2 » + l)!® ' J 

[ C. P. 1949. ] 

10 . From tJie expansion of tan nd in terms of tan 0 , 
show that if n be an odd integer, then 

. __ n(7i ” 1) . n(n - l)(n 7 2)(w - 3 ) _ 

^ 2 ! ■ 4T 

_ _ n{n - l)(?i - 2 ) 7i{n - l)(9i - 2)(w - 3)(?2 - 4) 

3! 5! 

and if n be an even integer, one of the two series is zero. 

11 . If Sn denote the sum of tlie products of tan^oi, 

tan^a 2 i taken n together, and denote the sum of the 

products of tan Ci, tan Og, taken n together, show that 

l + Sx +S3 +S3 + ••• «(l- 5 a +S4 “ "•)* +(si ‘~Ss + •••)*. 

[ Square and add relations (3) d (4) of Art. 56 ] 
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12* Criticise the fallacy 
For all integral values of n, we have 

= 2w;* + ^ sin 2nn = l, 




Eaise all the quantities to the power ^ ; thus 

2^1 = 4ji = G?j = ••• 

2 = 4-=6*®*** 

It a, bo the imaginary cube roots of unit>, prove 

that 

~ ^ ^ ^ 

14. Show that the principal value of 

is cos 2 (aa + 6 log r) + z sin 2 (aa + 6 log r), 

where r= Jx^ + y^ and a«*tan"^ ^ • [C, H. 1943, ] 

X 


1^. If £C®*^ = fl(cos a + z sin a), 

show that the general value of x is r(coB 0 + z sin O), 


where 


, (2n;z + a) sin a + log a cos a 

log r- ^ 


and 


0 - 


{2nn + a) cos a - log a sin a 


16 . 


If X be real, prove that 

m -1 1 T + 

Tan ^* = 2 .Log^_.^- 
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17. Show that 

-1 Jr- Jr-1 n 

^/Hr + l) 2 

Find the sum up to n terms {Ex. IH to Ex. 20) 

18. sec X sec 2a; + sec 2a;- sec 3a; + sec 3x sec 4x + ' 


[ sec X sec 2£ = - ^ (Ian 2x — tan ac) 1 
Slfl •C J 


19. cot X cot 2x + cot 2x cot 3x + cob 3x cot 4x + • 
L 1 + coi or cot 2x = cot x (cot x — cot 2x) ] 

on - 4- . 

sin B sin^2d sin 20 sin "*40 sin 40 sin®80 


1st term — 


4 cos®0~l 


■cosec^9 — cosec^2i 


21. Find the sum to infinity of the following series 
{x lying between 0 and 27i) 


cos X cos 2.r cos 3x 
1.2 2,3 3,4: 


22. Sum to infinity the series whose rth term is 

\ cos rx tan^a:. 
r ! 

[ Apply C+iS method, ] * 

23. Show that 

tan“^,^ +tan"^o +tan"^„^+tan"’^.,?^ + -** to «> = 


24. Solve completely the equation for x 
oj” +w cos a.a:”’"’’ cos 2a.a"“® + ••• +cos na =0. 

[ The equation is (a+e*“)"+(a+e"*®)"«0. ] 
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.2^ If tan {x + 72/) = tan fl> + i sec </>, show that 

= 7ij* + ^ anci 4.7/ = log , — ~ 

2 I cos fp 

^ If log sin (jK + 22 /) - <z + (0 < a? < ji), show that 

a-4 log (cosh®?/ - cos V) and 6 = tan”^ (cot x tanh y). 

27. Show tliat the equation tan z — azy where a is real, 
cannot have a solution of the form x + if/y where x and y 
are both finite quantities (other than zero). 

Show that {a + ia tan 0)^®^'* is a real number. 

aoT Prove tliatif (l + 1 tan P can have real values, 

one of them is (sec a)®^*-’*^. [ G. H. 1941. ] 

30. Prove that if .r ho not an odd multiple of \ny 
sin iT “ J sin 3a; + i sin 6x — • 

^Ksin .r + J sin*a* + 4 sin^a* + •••). 

31. If (l - c) tan 0 = (1 + c) tan then each of the series 

c sin 2B — iG^ sin 40 + Jc® sin 60 - • • • 

and c sin 2</» + ic® sin 4<f* + sin 6<^> + ••• 

is equal to 0 - wliere 0 and <{> vanish together, and c < 1. 

32. If tan iO i<l>, show that 

2A® 2A® 

0 «=</> + 2A sin </> f- -g- sin 2</> + sin 3</> + •'• 
where A = ia + (4a)® + 2(Ja)® + 5(^a)^ + ••■ 



CJ{APTER XIII 


EXPANSIONS OF COS‘^^0, SIN’^fi. COSi?^, SINii^; 

90. Let X = fos B + i sin B , 

then if" (cos 0 + ? sin 0)’* = cos nO + ? ^in uB, 

and - (cos 0 ^ / sin 0)“^* - cos ( - n)B + 1 sin ( - n)B 

“COS nB ~ / sin nO, 

Therefore, .r” + — 2 cos 7^0 , = 2/ sin 7i0. 


1 I t 

Pufetiiif; ;i = 1, r + — 2 cos 0 and .r - “=2/ sin 0. 

O’ .r 

91. Expansion of cos"d in a series of cosines of 
multiples of 0 (n hciwi a ‘posittro intoqcr). 

We have, 

(2 cos 0)" = ^ )” 

- + nr"-’ • ^ ~ r" *• i + • • • 

.T [2 

nfn-l) ^ r + ^. ... Q) 

Now, combining together the first and the last terms, 
the second and the last but one, and so on of the series (l) 
we have, 

2^ cos’*0 

= 2 cos 710 + 7^.2 cos 0i “ 2)0 + ^^^^2 ~ ^ 

[ by ilr^. 90 ] 
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Hence, 

2""^ co8"6'-co 8 n6+n co8(ii-2)0 

+ I C08 (n - 4)6 H — (2) 

Since w is a positive intefjer, the number of terms in the 
expansion of |.r + j is finite and equal to {n + 1) and hence 

the scries (l) and consequently the series (2) are terminating 
series. 

Note. Last tenn in the expansion of 2""^ cos”^. 


term in 


is equal 


cos 

it is equal to 

2m+l; there are two middle 

terms in the expansion of + 


namely, (7/e + J)th and (w + 2)th, and their sum is 

\^Vl \ .T / 

Hence, when n la odd, the last term of 2"~ ^ cos'*^ 


92. 
of mu] 

We have, (2^ sin 

Case I. Let n be even. 

Then, = 

and the last term in the expansion of (l) is 
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The relation (l) therefore becomes 

X 

= 2 cos nd - n.2 cos (n - 2]d H 2 cos {ji - 4)0 - 

L± 

Therefore, ( - 1)^ 2"“^ sin"0 

“COS nd-n cos (n"2)6 + "^,7^^ (ii-4)0- ••• 

Mn^i) (In + i) 

^ ^ 2Lin 

the last term bcin^ doterminefl as in tho previous article. 
Case II. Let n be odd. 

Then. = ^ =?(-!)''“' 

and the last term in the expansion of (l) is - 

The relation (1) then becomes 
2”.e(-l)‘^ sin”0 

- ic" - • ^ + r ^ ® - 

X L2 X 

»(n - 1) a 1 . 1 1 

- -'.r -^-a +»».«•-;. 1- „ 

[2 x”. X X 
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• n(n - 1) 

= 2i sin 7i0 - 7i.2i sin (w - 2)0 + sin {n - 4)0 - ••• 

[ by Art, 90 ] 

n-1 

Therefore, (-1)* 2"-^ sin"® 

“Bin nd-n.8in (n-2)e+ ”^7n -— Bin (n-4)©- ••• 

1 ^ 

. , ^vV n(n- 1) l(n + 3) ^ 

tlio Iasi term beinj^ determined as in tlie previous article. 

Ex. 1. Expand sin'^B in a series of mziltqdes of 0. 

[ C. P. 1940. 1 

IW Art. 130, we have, 2"i,’ sin'(?= ^.r— ^ j 

= ,r’ - 7? ’ 4 2tj-' - 35x4- .15. ^ - 21. + 7.^, - j; 

Since, /' =j‘’,/=(i’)“.« = (“-l)®.i= - i, hence, by Art. 90, we h«avc 
— ‘2“.i sin'0 = 2i sin 10 — 1.2i sin 5^ + 21. 2i sin 30 — J35.2i sin 0. 


sin‘0= “2^ si 


sin 70 — 7 sin 50 + 21 sin 30-35 sin 


in 0 


93. The method of Arts. 91, 92 may also be used to 
express sin^'0.cos^0 in a series of multiples of sines and 
cosines of 0 when p and q are positive integers. This ie 
illustrated in the following examine. 


Ex. 2. Expand cos^B m a series of vmltipUs of 0. 
We have, 2*. 4’ sin’0 cos*0=»' (® “ 
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= 2i fsin 7tf — 3 sin S^+sin 3^ + 5 sin 
sin®0 sin 7^ — 3 sin 5tf + sin 3(9+5 sin 0 

94. Expansion of cos nS in descending powers o 

cos 6 (n heinif a positive inte(jer). 

Let X = cos 0 + sin 0 ; then £r + -^ -2 cos 0 

X 

and \ -■ 2 cos nd. 

X 

Now, (l-ir)jl- = 

- l—ha + h^' imltinft a for J + ^ = 2 cos oj 
-■ 1 — k{a - /c). 

Taking logaritiims of both sides, wo have 

log (1 - hx) f log 1 1 “ ^ j -= logjl - k{a - A-)|- ••• (l) 
Hence, expanding both sides of (1), we have 

7 j.l7a3i.^73 3i 

kx + J, ^ ^ Q + ••• + + 2 + .J 3 + 

2 3 X 2x 6x 

= k{a-k) ^ Jr (a-it)* + -+ ^^(0-*)“+ ••• 

^ u 

Let us now equate the coefficients of P from both sides. 

On the left-hand side, the coefficient of is ^(a;"+ \) 

n \ x^J 

2 

*= cos nO, On the right-hand side, the coefficient of k^ 
n ” 

is obtained by collecting-^ the coefficient of /c” from the 
expansion of 4” (a - i)” and the terms which precede it. 
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1 

The coefficient of A;” in (a - A;)” = 

n n 

n-1 



_ 1 (n-2)Gj-3)^„_4 

“n-2’ ^2 

and generally the coefficient of X:“ in ^ fe""’’ (o - A:)""* is 

It Y 

(- 1 )’* (71 - r)fw - r ~ - 2 r f l) „-2r 

I *“ 

71 - r [£ 

2 cos nd 

- (2 cos 0 )" - n(2 cos 6)"^^+ - (2 cos - ••• 

L" 

Note. This series on the right-hand side will continue so long as 
the powers of 2 cos d are not negative. The last term is 

( - 1) a 71 (2 cos 6) or ( - 1)^ 2 
according as n is odd or even, 

95. Expansion of sin n6 in descending powers of 

cos 0 (n being a positive integer.) 

Let fc = cos 6 + z sin d ; 

then sin 6 and - A;"” = 2z sin nO. 

Now, 

sin d « h — 

1 - 2a? cos 0 + a?^ 2z 1 - (A; + k'~^)x + a?’' 
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= (1 + Xk + xV + •••) - (1 + xk~^ + sr”*"® + •••)]’ 

if I a; I <1 

= x[.k -k-^) + a;® (fc® - ft’®) + - + a:” (&” - r") + ••••] 
=-sin 0 + x sin 20 + 0 ;^ sin 30 + -' sin n0 + ••• (l) 

Notv, - ^ ~n i. 2 -^1 “S-r cos 0 + ir“) ^ 

1 -2ir cos d\-x 

*={l - x{a - ar)}**^, wheie a - 2 cos 0 
- 1 -t x(a -x) + x^(a - xY + ••• ^ £c’* (a - ar)" + • ■ • 

Tlierefore, tlie relation (1) may be written as 
1 + fl:(a-ir) + a;'^(a -a)® + ••• - a’)"'*' I- a"(a - r)" + ••• 

— ^ -I sin O + a* sin 20 + 0 *'^ sin 30 + ••• +a;’^'^Bin n0+ ••• | 

sin 0L J 

... ( 2 ) 

Let us now equate the coeliicients of from both 
sides of ( 2 ). On the ri^^ht side, the coeff. of 

sin 0 


On the left side, tlie eoefif. of is obtained by collect- 
inf? the (oeff. of a;””^ from the expansion of (a -a*)’‘“^ 
and of the terms which precede it. 

Thus, the coelT. of a;””^ in (a =a””^ 

a?^-^(a-arr-®= -(n-2)a«-'® 

- ®)”- ® - ■ 2 ^^” -■ • 

and generally the coefF. of a:"!’’ in sc”"’' (a - is 

( - l)’'“^(n - y)(n - r - 1)— (» - 2r +_2) ^(«- 2 r+i) 

(r-l)l 


12 
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sin ne^sin e[(2 cos ©)""^ -(ii-2K2 cob 6)""® 
^ (n-3Kn-4) ^g cos 6)"-" - -1. 

Note. Tho series on tho right side will continue so long ns the 
powers of 2 cos 0 are not negative. The last term is 
n-_l I 

(-1) or ( — 1) ^ {ji cos $) 
according as n is odd or even, 

96. Expansions of sin n6, cos nd in ascending 
powers of sin 6, cos B (n heinq any hiteqer). 

It is evident from Article 9d that when n is an even 
positive integer, cos nO can he arranged in a series of even 
powers of sin 0. So we can assume 

cos nO’^l + A 2 8in®0 + ^4 sin^0 + ••• sin^d. ••• (i) 

Tlie constant term is lakcn as 1, hccanse when 0”O, 
003 nd = 1 and sin 0 = 0. 

Putting 0 + for 0 on both sides of (i), we have, 
cos nd cos nib - sin nd sin nli 

= 1 + ilo (sin 0 cos h + cos 0 sin 

+ (sin 0 cos li + cos 0 sin /O* + 

^Azr (sin 0 cos,7t + co9 0 sin + 

Now, for cos nil, sin 7ih, cos h, sin li, write the respective 
series in ascending powers of h. Then 

cos ndil-ln^h^ + •••) "sin nd {nh-in^h^ + •••) 

= 1 + i4a [sin 0(1 ~ i/i® + •••) + C0S 0 + •••)]^ + ••• (ii) 

Since, this result is true for all values of h, we have, on 
equating the coefficients of from both sides, 

-\n^ cos 710 *“ id 2 (cos®0 - sin®0) + • • • 

Now, to obtain the general relation between the coeffi- 
cients il 2 t -^4 consider the term 

ilar (sin 0 cos h + cos 0 sin 
or, ilar [sin 0 (1 - Jfe* + "O + cos 0 (/i 
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or, .42r [sin Q + h cos sin 6] (neglecting powers 

of h higher than h^). 

Now, the coefficient of in the expansion of this term is 


A, 


/2»-(2r- 1) 

• 2 r— 2 

1 1.2 

Sin 1 

f2r(2r-J) 

. ^2r-2. 

1 1.2 

bin ( 

f2r(2r-l) 
1 1.2 

2 r- 2 

bin 


0 - sin* 


- r sin^^d I 
1 ^ 0 ) -r sin®’’©! 


Similarly, the coefficient of in the expansion of 
A 2 r +2 {sin + is 

(^.^l^(2r+22|r+l)jj. 

Hence, we ol)taiii as the coefficient of sin ’*’'9 in the 
expansion of - cos jid the expression, 

Jhifc by S(3ries (i), zt.jr is the coefficient ot sin'^^^ in the 
expansion of cos nd ; hence, - A.^r the coefficient of 
sin®^0 in the expansion of — eos nO, 

»‘-(2r)* 


or,il 


2r H2 ‘ 


(2r + l)(2r + 2) 


A, 


Putting r = 0, 1, 2, 3,..., in succession, we obtain, 

*.3 ..a 


18- J2^0' 


n 

' 2 \ 


. »*- 2 * . «*(«»- 2 *) 
" 3 4 4 f 


and so on. 
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Thus when n Is even, 

COS sin^O + ™ sin^G- ••• (1) 

Equatinfi the coefficients of h from both sides of (ii), we 
shall obtain, 

- 71 sin 7iB = 2 A 2 sin 0 cos B + 4 A 4 . sin®0 cos & + ••• 

^- 2 ril 2 r sin“^"^0 cos 0 + *•* 
Now, siibstitiitiuft the values of -42, A^ etc., we liave, 
when n is even, 

f 11^ — 2^ 

sin n6=n cos 6 |sm 6 g-j— sin®G 




til 


When 71 is an odd mteneVy wo can assume 
sin 7 iB^A^ sin 0 + - 4 3 &in®0 A ^ sm®0 + *•• + A, i sin’'0. 

Since sin ( - 7X0) = - sin 7/0, the expansion of sin 7/0 would 
not contain even powers of sin 0 ; since sin 0 = 0, there will 
be no constant term. 

Now, proceed in:» as before, we shall find, 
when n is odd, 


sin nd 


n'sin 6- 


n(n^ *■ 1 
31 


sin ®0 


cos nS 


O I 

C 08 © |1 — sin e 


( 3 ) 

( 4 ) 


Note. Since n is a positive integer, the four series obtained above 
are all finite. 
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Changing B into ^ 0 in the formultn (l), ( 2 ), ( 3 ), ( 4 )> 

we liave, if n be an even integer, 

/ Q - 71^ 2/1 . " 2®) 4 

(- 1 ) cos 710 = 1 ^ cos 0 + 'cos^O""* 


4 ! 

.2 _ o2 


( “ sin 740 = 71 sin 0 jcos 0 - 31 ^" cos ®0 

. (74^-2=)(74«-4^) . 1 

+ 5 1 cos 0 --|- 

If 74 he an odd integer, 

"-1 — 1 2\ 

( - 1) ^ cos 74O = 74 cos 0 “ ^ ^ ^ cos ®0 

^74(74^-1%4‘^-3^) 

+ 'cos 0 

h ! 

( - 1) sin 740 =- sin 0 |l - ^ cos ®0 


(5) 


( 6 ) 


(7) 


. (74”--1%4®-3®) 4. 1 

+ cos 0 “•••!• (8; 


97. Expansions of sin n^ and cos n^ ( n being not an 
integer). 

cos 740 + 1 sin 740 = (cos 0 + 4 sin 0)’* = cos”0 (1 + i tan 0)". 

If tan 0 be numerically less than unity, cos”0 (1 + 4 tan 0)” 
can be expanded by the Binomial theorem and since 

r 

cos^0 = (l -sin®0)^, the expansion can be expressed in a 
series of sines. 

Again, since cos ( “ 740) = cos 740, the series for cos 740 will 
contain only even powers of sin 0 ; and since sin ( - 740) 
= - sin 740, the series fof sin 7i0 will contain only odd 
powers of sin 0. 
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Also, since cos 0 — 1 and sin 0 -= 0, the constant term in 
the series for cos nB will be 1 and there will be no constant 
term in the series for sin nB. 


. Hence, we can assume, as in the previous article, 
cos nB = l + A 2 sin^fl + sin^B + ••• 
sin nB = Ai sin B + A^ sin^B 

and proceeding exactly in the same way, the four series (l), 
(2), (3), (4) of the previous article can be obtained. Tn this 
case B shall lie between - in and + in. 

The demonstration above given establishes the four 
series under the restriction that tan B must be numerically 
loss than unity, i.e., B must lie between - In and + in. It 
can, however, be shown tliat the series will hold even when 
B lies between —in and +4^, ‘ 

Ex. 3. Prom that 

1 ir* IS r'‘ 

sm-^x=x+ 2 *3 + 2 .’ 4 ’ 5 + C ] 


For any general value of 7i, we have 
sin nB-n sin ^ ^ sin*5 + 

n^B^ 

Since, sin7i^ = w^- +••• 


7?fn* — l^)(n® — 3®) 
5 t 




we have, by equating the coofheionts of n on both sides, 

ia na *>a 

=*sin ^ + a , sin®^+ sin’^+*-- 
01 o I 

. - . 1 Sin's sin’tf . 

= sm«+2- g- +2^.-^-+... 

Let us put sin B^x^ so that B = sin' 'a;. 

1 x\l.H r“ 

2 ■ 3 2.4’ 5 


'See Hobson’s Trigonometry. 
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Ex. 4. If tan ^ « x — 2^ cos ca+a®, show that 

^ 1 — a cos cx 

1 - ^^<7 COS ca +^^2 j o® cos 2ca l-(-l)" a” cos ncx=r* cos nd. 

[ G. IL 1925, '29. ] 

Put for oach cosine its exponential value ; then the proposed series 

= i(l— o cos ca — sin ca)'*+J(l--^ cos ra+i'i sin ra)" ••• (1) 

Now, putting 1 — a cos cx=r cos d, and n sin ca=r sin 6, 

so that tan d — ^ ^ and r® = l — 2^1 cosra+rt®, (1) becomes 

1-a cos (x , 

= J(7* cos ^ ~ i r sin ^)"+ ^{r cos d-h'tr sin ^)" 

= ir" (fos nd - ^ sin nd) + Jr" (cos nd + i sin nd) 

= r” cos nd. 


Ex. 5. Expand x' ( 1 ® 1 < 1 ) 

^ l-2xf,l7ld + x^ 'll 

tn a scries of sines and cosines of multiples of d. [ 6^. H, 1951. ] 

Lot 2 = cos 5 + 4 sin ; then z"^z~'*^2i sin nd. L Sec Art 90 ] 

. * . 4 ( 2 " “ 2 ”") = — 2 sin nd. 

Also, 4 ( 2 — 2 “^)= —2 sin 5 and 2 + 2 “* = 2 cos 5. 

2 ® cos 5 _ ®(2 + 2"^) _ ®(2+2’‘) 

1 — 2aj sin 5+®®"’l+^®(2— 2 '*) — i*®* (1 + m?®)(1 — ^ 2 “^®) 

= 4[1-42® + 4®2®®®-4*2*®* + '*0 

- 4[1 + 42“ ^ ® + 4*2" *®® + 4*2" *® * + • • •] 

= (2 + 2"^)®-4(2®-2:®)®®-(2* + 2-*)®* + 4(2*-2"‘‘)** + - 
*=2® cos 5+2®* sin 25-2®* cos 35-2®* sin 45+*«* 
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EXAMPLES XIII 

1, Prove that 

(]) cos®£c = T^-ff [cos 8 j3 + 8 cos 6flj + 28 cos 4fl/ 

+ 56 cos 2® + 35]. 

(ii) sin^a; = [sin Oa; “ 9 sin 7x f 3G sin 5x ~ 84 sin 3® 

+ 126 sin a?]. 

(iii) 2® sin®0 cos*0 = sin 9B - sin 70-4 sin 50 

+ 4 sin 30 + 6 sin 0. 

(iv) sin^0 cos®0 = A [cos 70 - cos 50 - 3 cos 30 + 3 cos 0]. 

A 


2. Expand cos^ 30 in terras of cosines of multiples of 0, 
n beini^ a positive inte^^er. 

8. Prove that 

(i) sin 70 = 7 sin 0 - 56 sin®0 + 112 sin®0 - 64 sin'^0. 

(ii) cos 80 = 1 - 32 sin^0 + 160 sin*0 - 256 sin®0 

+ 128 sin'’0. 

(iii) 1 + cos 100 = 2 [16 cos®0 - 20 cos®0 + 5 cos 0]®. 

(iv) sin 80 =■ sin 0 [128 cos’^0 - 192 cos®0 + 80 cos®0 

-8 cos 0], 


4. Prove that 


(.) i>’ 


1 , 2 n . 2 sin*0 , 2.4 sin®0 


gsin 0+ 3 


4 3.5 6 


[ C. H. 19, iJ, ] 


(ii) ^ 0® = 3 ^jSm® 0 + ^ sin®0 


+ , 8in'0 + — 


5. Show that 

(i) (sin'^ar)* =a!® + g •* + | • | — + ••• [0. H. 1982 . ] 


[ Put stn 0 = » in Ex. 4(i). ] 
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(n) g (sm x) “ 2 ' 3 U* ^ 3*)'2.4’ 5 


[ Put sin d==x in Ex. 4(ii) ] 


6. Prove tLat 


(0 0 sec sin 0+ ^ sin^0 + ain^O + ■•• 
o- o.o 

1 1 q 

(ii) sec 0 = 1+ sin^O + ' sln^O H [G. IL WHS. ] 


?• Prove that 


sin“ V , 2 3 . 2.4 5 


r Vut sin d = xin Ex. 0 ( 1 ). ] 


8. Provo that 

( Put d—tan'^y in Ex. 0(i) ] 

9 . If I a: I be < 1 , prove that 

(0 1 . 2 “ sin 6 + x sin 20 + sin 30 + ••• 

1 - 2 ir cos 6 -i-x 

[ C. TL 1940. ] 

1 — 

00 1 o n _L. 2 = 1 + 2ic cos 0 + 2x^ cos 20 
1 -2 j: cos O + a* 

+ 2a;® cos 30+ ••• 
• [ G. IL 1946. ] 

Oii) 2 - 2 ® cos 0^+ ^ ^ ^ ^ ^ *" 


10, Prove that ti® = 18 lir^o 

1 |2w + 2 


[ G. n. 19S5. ] 


C Put 0 = iip in Ex. 4(i). ] 
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11 . Establish the identify cos^^d [ cos nd + t sin nd] 

■= (1 - i tan 0)”" and lienee deduce the expansions of 
cos^O cos 7i0, and cos” 6 sin w0 in powers of tan 0. 

12 . Establish the formula? 

cos 50 = cos 0 (l - 12 sin®0 + 15 sin^0) 
sin 50 = sin 0 (l - 12 co8®0 + 15 cos^0). 

Reduce the quantify 

(sin 0 + cos 0)(l + i sin 0 cos 0 — 16 sin®0 cos®0) to the 
form A cos 50 + B sin 50, wliere A and B are certain numeri- 
cal constants. Hence, find an expansion of V in ascending 
powers of 0 as far as the third significant term. [ G. H, 1927. ] 

18 . Expand (l - 2ir cos 0 + in powers of £C, \ x \ < 1. 

14 . Expand tan“*^ ^ powers of I a? I <1. 

^ l-ajco9 0 ^ » I I 

15. Expand log (l - 2 j; cos 0 + a;®) in a series of cosines 

of multiples of 0, ( x | < 1. [C. H. 1948. ] 

16 . Prove that - 1 . can be expanded in the 

1 + sm 2a cos 0 ^ 

infinite series 

sec 2a[l “ 2 tan a cos 0 + 2 tan^a cos 20 -•••]. 

[ aiven erp. e + t‘' 

Notv apply Ex. 9(n). ] 

17. Prove that 

COB X co^2a; _ . . cosji® 

(n-l)!(n + 3)l (»-2)l(» + 2)l (2«) 1 

^2“:^(l+_co9!r)" _1 

2(nl) ‘ “2(»1)‘'‘ 



EXPANSIONS 


187 


18. If cot 0 - - + cot a, show that 

X 


-3 


X x“ 1 ic ” • 

0 ■= • sin a - , * 2 • sin 2 a + • f -3 ‘ sin 3a - ■ 

sin a 2 sin a 


3 sin'^’a 


19. Prove that ^ 




'w liere s — sin 0 and n is a positive integer. 

20. From the expansion of 'sm’^0 in multiple angles, show 

that vr - 71(71 - 2)^ r (n ~ 4)^* ~ to ^ ^ terms * 0, 

where n and r are odd po&iti\ 0 integers and r < 

[ C. H. 1939, ] 


21 . 


If tan (ia - 0) — tan®ia, show that 

0 = sin “’" 23 ^ ^ 3 3® Ba “ ••• 

[ C, n. 1941. ] 


22. Fixpand - ^ f 3 form ^ Cn 

^ l-2a;cos0 + a; n=-oo 

where Cn is a trigonometrical function of 0 to bo determined 

(1 » I <1). [C. H.1943,] 



CTIAPTEB XIV 


RESOLUTION INTO FACTORS 


98 . Resolution of sin 6 into factors. 

The proof depends upon successive application of the 
formula) 

. . A A ^ . A . n + A 

smA = 2si9i ‘=^2sni ^ sin • 

A A A A 


Thus, WO have, 


sin 6 = 2 sin 


0 . 
gsm 


+ 0 
2 


( 1 ) 


Putting 


0 71 + 0 
2 * 2 


for A successively in the above formula, 


we get 

.0 . 0 . 2;rf0 

sin 2 *2 sin^j-sin - ^2 

. 71 + 0 ^ . 71+0 . 371 + 0 

sin "2 =2sin-^.j- sin • 


Substituting these values in right side of (1) and re- 
arranging, we have 

« ^ 71 + 0 2j» + 0 371 + 0 

sm 0 = 2 sin 22 sin sin sin 2a ‘ 

Applying successively the above formula, we get 
A ^ . 7* + 0 . 771 + 0 

Sin 0 = 2 Sin 23 sin 23 sin ^3 




Sin , sin 
k 


7» + 

k 


) . 2n + d 
sin -z — • 
k 


•sm 


{k ~ 1)71 + 0 
k 


where A; = 2". 


(2) 
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The last factor in (2), sin 


. (k-l)n-^d 


i-e 


I n- 

= sin(^- ^ ) = s.n 

The last but one factor ; 

. / 2n-e\ . 271-0, 

= 8in^«- ^ ) = s.n 


. sin (k — 2)71 + 6 
h 


and so on. 

The Qsk + l)th factor from tjic hej^inninq 

. UtI + O . I 71 ^ d\ 0 

= s.n - 9 .n (2 + ^.) = cos^- 

TTenro, combiniu,^ the second and last factors, the third 
and last Imt one, and so on, and leavinj? alono tho first and 
{!/<; + j)th factors ^^hl(•h have no conjui^ates, the equation ( 2 ) 
becomes 


* a o7.-i • Of. 2^ .301/. 3 2:1 .s0\ 

sm0 = 2 sm ^ I sm - sin sin ^ - sin ^ j 


•{ 


. 2 {hk “ . 3 

sin^ ; -sm 

Ic 


e\ e 


(3) 


Divide both sides of (H) by sin and let 6 approach zero ; 
then, since 


Lt ^^ = land Lt sin® 7 =0, 
0^0 0 ^-^0 Ic 


and 


Lt 

^->0 


sin 0 
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we have 


fc- 1 . 2 ^ • 2 . 2 3:71 .2 ” l)^ 


A;*=2'" ^ sin , sin ^-sin , •••sin 
k k k 

Dividing (3) by (t), 


0 0 ] 

sin 0 = /j sin cos ^ j 1 - • 


Now, make k indefinitely large. 


Since, Lt 

k-*oo 


u h-sin^UL^ \-7^eU 

,*-»oo L fc J A'-^oo I u I 

L J, J 

[ • 2^1 r • 2 ^ 

• 2^1 I “ . 2 71 n 71 

L 7.2 Sin- J 


and so on, and Lt cos = 1, we have 

7^-».oo IC 

«ln«-«(l-2|)(l-5^)(l-g^) aiint. 

99. Resolution of cos 6 into factors. 

Proceeding as in the previous article, we get 

A flfc-i . 0 . + 0 • (A;-~1 )?i + 0 

sin 0 = 2 sin, sin , sin — ••sin ^ ^ 

k k k k 


Putting ^71 + 0 for 0 in the above equation, wo get 

/» rtfc-i • 71 + 20 . 371 + 20 . (2& — 1)7 j + 20 

cos0 = 2^^sm ^ sin ' 2k~ ' ' 
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The last; factor = sin ’ 


71 -2d 


tlie last but one factor 

. {(2k “ 3):nt + 2dl . 3 j* “ 20 
2k 2k ' 


and so on. 


Now combininj^ the factors in pairs, the first and the 
last, the second and the last but one, and so on, we fjet 

nA—l f • 71^-26 . ?i-20\ 

cos 0-2^ jsin 2 /, 2 ;, I 


f . 3-^ + 20 . 3;i“20\ 

2k I 

Clk-lf - ‘J 7 t .0 20I f . 2 3 20| /^\ 

-2 |s.n 2 ;,-sm ^^-sm - (2) 


In (2) lettina 0 approacli zero, we got 

1 Lth-i a 7C .2 2 

I -2^^ sin sin ,,, sm j/ 


Dividing (2) by (3) and making k indefinitely large, we 
have as in the last article 

— 

Obs. Since, cos 0 = o'^ cos d may be resolved into factors by 

A Sin V 

means of the factors of sin 20 and sin 0. 

lOO. Sum of powers of the reciprocals of natural 
numbers. 

Prom Art. 54, we have 

0* e* 
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and from Art. 98, we have, 

sin0 = o(l--®.)(l- 2 v)'" 

Equating the above two values of sin B, we get the 
identity 

Similarly, equating the two \alues of cos 0, as given in 
Arts. and 99, w^c get the identily 


/, 

1 

1 . 2®9®\ 

1- - a 


1 1 r a 9 ) 

\ n ! 

\ n f 

\ bn! 


Taking logarithms ot both sides of (I), we have 

los ( 1 - *.) + lOB ( 1 - 2 ?^,) + l08 (l - g“„.) + - 

Expanding each ot the logaritiuns in the above identity, 

+ {3V^-" •••}+"• 

“{e "120 2(0 '120 ■"•••} 


Equating the coefficients of the various powers of 0® 
from both sides in this identity^ we get the sums of the 
various powers of the reciprocals of natural numbers. 

Thus, equating the coefficients of and we have 

11/1.1.1. \ _L,1. 

2 11* 2* 3* ■"/ " 120 72’ 


and 
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Hence, 


— + — + — J.. 

02* 


±+l+±+. 

S'* 


■to- - 


Similarly, taking logaritlims of both sides of (2) and 
expanding eacli of these logarithms and equating the 
coefficients of 0^ and 6^, wo have 


J2+32 + 52+- 

L + 1+L+. 


101. Factors of sinh x and cosh x. 


k - 


Putting 0 — in I he factors for sin 0, 'vve get 


Now bin IX = i sinli Xj 

""h «• - » [l + '.] [l + 3 v] [l + s'.'] 

-H'b^XA 

Similarly, putting 0 = ix in the factors for cos B and 
noting that cos ix = cosh x, we get 

oo,h . - [i + [i + [1+ 


13 
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102. Ex. 1. Prove that 


In the expression for sin 0 in factors, put 2 * 




^ T 1.3 3.5 5.7 
2 *2.24.40.0 

V 2 2 4 4 0 G 

2 “ 1 ‘a’lrs's*? 

Note. This is known as Walli's theorem. It is also stated thus : 

When n is very great 

/, ... 2.4.0. ..2rt . . 

Vi*(2»+ l) = i.3.5...(2„-i) iWroxwDiitoly. 

When n is very large, 

2 ^l’.3“.5’‘...{2n-l)’(2« + l) 

V rA\6\Mn)‘ 


,, . 2.4.0... 2ii 

. . ^/Jr(2ii+1) 1.3.5.. .(2,1-1)' 


It is also put in the form |^romcmboriTig that Lt ^^ 2 ,i + 1 " ^ ] 


I —Lt ^ - 2.4.G...27t 
•^"■"n-»oo Jn'l.3.5...(2»-1)‘ 


Ex. 2. Prove that 


. 1 2x 

COu iHJ "" " j ^ ?i Q 

Since, sin aj = aj/l| 1- ? .,1* 

1 L J 

we have, when x is not a multiple of rr, 
log sin sc = log x+2 log 


[ C. If. 1043, ’44, ’47, ’57. ] 
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. ■ . log sin (j; -f = log (a; + 7i) + 2 log 1 1 — ^ Jy"| * 

Subtracting (1) from (2), 


log 


sin (x-hh) 


a'+7fc fr-'ir^ “(t+Ti)® I 

log ^ +ilog[ }• 


( 2 ) 


(:i) 


, - . . , r / 1 sm a* cos 7/-f-cos x sm h 

lipft sulo of ( 0 = log 

' ’ ^ am X 

= log (cos /^^ cot a* sin 7i) 

= log {1 + 7/ cot .r + higher powers of Ji} 

[ by \\i iting down the c\p.in3ions of sin 7/ and cos li in powers of h ] 

=-7t cot ./’4 higher I'owers of 7/. 

s.a<. ol ()) = log [l+ log '‘"r 

1 2r 

= 7a- ; — A 2 ^ ^^ + higher powers of h. 


equaling coeflicienis of 7/ from both sides of (3), wo got 


cot a;= 


1 

X r** 


Note 1. Tlie above result may bo much more easily obtained by 
dijfercntinting both sides of (1) with respect to x. Students acquainted 
^^ith the methods of Calculus may easily sc© that replacing a; by JC+ 7/ 
m a function J{x) and then equating coofliciouts of h is equivalent to 
d 1 Her entia ting f(x) with respect to x. 

Note 2. tan x can also bo expanded from log cos a; by a similar 
method, or, by differentiation. 

Note 3. For another method, see Ex. 7(ii), page 198. 

Ex. 3. Prove that cos 2x+cos 2if 


-2 cos^x II 
1 



_\/l- 4.V® 

{(2r-l)7r+2a:}®/\^ {( 2 r~l) 7 r- 24 ®/ J 


cos 2 j 5 + oos 2 // « 2 cos (a; + g) cos (® - ?/) 


oo 


= 2.1/ 

1 



4(aj + t/)® 
(2r-l)"9r 



4(a;-?/)® 1 
(2r-l)®ir®J 


- 4(aj+//)® {(2r - l)y + 2j; + 2y}{(2r - l)y 2a ; - 2y } 

^“■(2r-l)“?r*" ■ (2r-l)'V 


"• ( 1 ) 

.U (2) 
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4(.r - ?/) ® ■((2r - l)ir + 2® — 27/H(2r — l)ir — 2£r + 2;/} 

(2r-l)V““ (2r-l)‘'7r-' 


Now, combining the 1st factor of (2) with the 1st factor of (3) and 
2nd factor of (2) with the 2ud factor of (0), wc have 


cos 2x 4- cos 2?y = 227 
1 


[{(2r- lV+2r}'^ -47/'^][{(2r- l)7r-2r)‘^ -4//«] 
(2r-l)V" 


Putting 7/=0, 


. . o o - Dt. + 2 r> - Dtt - 2 r}* 

l + cos2.; = 27r (2r-l)V* 


(5) 


Dividing (4) by (5), and noting that 1 + cos 2a; = 2 cos'‘*.t, wc got the 
required result. 


EXAMPLES XlV(n) 


1, Prove that 


(0 + [C.II.J951.] 

[ Equate coeff. oj 6^ in the Ulentiti) (3) nf Art. 100. ] 

,...v 2.5 .10 .17 

(m) j-* + 2* + 3* + 4.+ --6+90 

r '1 1 4. 4. 6 4.10 (, 

(iv) 3* + g* + 74 + g* + 64 r 12) 

r 1 ( 2 n+i)*-i_ if__i 1 n 

^nthterm-^ (2n+l)* 8l(2n+l)* {2n+l)*jJ 
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(v) ^ + ^ + ^ + — + 
^ ’ 1.2 2.4 3.fi 1.8 



} 

rw 1-1%. 


\l.2..3/ 

\2.3.t 

/ \3.4.5/ 

””4 “l() 


2. Show tlmf- 

/ \ ” i _ Tt" „ 

T (-1)“ " .3 ‘^• 


(ii) 


T (/i + 1)‘ 


IO-n^ 


3. Prove tlial llio sum of tlio products taken two at 
a time of tlio s«|uaros ot Uic reciprocals of 

(i) all positive iuteceis is / 


(ii) all positive odd inte^’f 


[ C. TL 1036,] 


4. Show that 


(.) 

n !*.() 

= 2‘\cr 

3*.6* 4".6® 


3 6.7 

'll. 13 

’17.19 ‘ 23 . 25 ’' 



[ l^uf iv for 0 ni 

the fiictoi s for soi 0. ] 

00 

rt 

36 100 
36' 99 

190 

190 



[ Put 

r for 0 %n 

the factors for cos 0. ] 

If 2, 3,6,.. 

.... are 

all the prime numbers, 


L 1\/ 

1 1\/ 

. 1 \ 

6 

0) 


^ 3*)l 

! 6*) 

«*■ 

(ii) 



[‘+6>) 

16 

■_8‘ 
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71 


/.V O- 

un; 22+;i\‘ia + i‘52 + f“ 

6. (i) Prove that co^ .r + tan : sin .r 



(ii) Hence (leclnco tliat 

2 2 2 ti 

'rg-^Jz on — 2: 3n + 2c;^ 

[ C. JT. 19,17. ] 

7. (i) Prove that cos x - cot 7 sin x 

(ii) Hence deduce tliat 

, 1 1.3 1 1 

cot r= - 

;C 71 — 7 71+ 7 271 — Z 271 + Z 


1 


+ 2 ^ 


2 !4 U 

2 1 r - r 71 


z rn 

r C. H. 194,2, \'j7, ] 


8. Show that 


^ 2 ■*■ 4 5 ■*■ 7 10 3 .y.3' 

[ Put ir/fir z in the ieriesfor I'm 7, J’lr. Gfxt). ] 
1-1x1 1x1 1x1 _« 

^ 5 7 -11 13 17'''l9 "■ 2^/3 

[ G. IT. 1935. ] 

iPut\r for e in the series for cot e. Ex. 7( i ] 
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r Pz// Jw/or 3 in the series for cot Ex. 7(n). ] 

9. Prove that 

(,)COS(1C0=^ "0-„"0 + ;. + e-2« 

+ 1 _ 1, _ I +... 

Q + 2ji 0 — 371 0 + 3:1 

1 /i-=oo /-iV^ 

= „ + 20 i: J 2 a- [C. IT. 1014, '4N.] 
0 W=i 0 -n 71 

[ Use cnsec 5 — -i- cot id).'] 


(ii) / secO“ a ^ 
'in n 


^ + 

40 ^ 3V-4(J“ o“n=*-4e" 


[ C. fl. 103€. ] 

[ Use srr 0 = tan (iir + J0) k-rot (-1^+50). ] 

10. Throve tliat 

(.) ■[ sec"« = _ 29)* + {„ +\ey + (37. - 20)*' 


■ (3;. + 20)* 

[ Uiit B’^h for z in the senes for tin z in Ex. 0(ii) and equate 
< nc ffieicnt'i of h.] 

(ii) cosec*0 = -I + + (g _^2^)2 

+ ^ +••• 

^(0 + 27.)*^ 

[, Put 0 + h for z in the series for cot 3 in Ex. 7(ii) and equate the 
loeffirients of h. ] 

11. Sliow t})at 

(0 sin IT + cos a: = (i + ^;)(l - |^)(l + ^^(l - J j 
[ Put 0 =« Jt in Ex. G(i). ] 
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. , n + iT( (n + 4T)®\/ (n + 4sr!)®\ 

(u) sm^T + cos *= 2 ^ 2 ( 1 - 4V|{1- 8“*=* I" 

[ Put sin x+cosx= ij2 sin (®+ Jr) ; then factorise. ] 

(iii) Prom tlie factors for sin x + cos £C, deduce that 

i_ I + 1 - 1 +. 

33 + 58 78+ 32 

[ Tal-e logar%thm of the first result and equate tile coefficients ofx^. ] 


12. Deduce the expression for sin x in factors from that 
for cos X. [ C. IT. 10^3. ] 


[ 


-- ‘NW r .r r 
Vae ^ = cos^ent 


] 


13. Prove that 

14. Show timt 

flin0_. 1 e* 1 
0 «*■ 1®.2® 


and deduce that 


( 1 * ^ 2®)'3“ ( 1 * 2* 3*) V 


n _ 

■ ” 120' 

[ C. 11. 1933. ] 


15. Prove that ^ 

1 + 1® 1 + 2* 1 + 3* ■*■ ”’) (4 + 1® 4 + 3* 4 ^ 


n 

t I 

8 


[ C. H. 1931, '67. ] 


16. Taking the infinite product forms as definitions of 
sin 0 and cos 9, prove that they are periodic. 
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17. Show that 

i_+ J +_L. + , 


n , . n 

• == . tanli ^ OJ. 
4.x 2 


[ Put z^i%xr an Ex, CM."] 


18. Prove that 


(”>4 

l">l) 

K+i] 

\ 4 2r,J 

i 

1 


(^i) 

K+^ 

\ 4 3 G 

) 




r Putting ac”! m the factor^ fo) ^mh i and roJi r, left •nde lednccs 

Zl (1) ■' 

19. Show that 

(i) tan“^ (tanh y cot x) = lan“ -2^ tan“^ 2 . 2 

X 1 n n X ‘T y 


[ Take logantlim of the facto) s of sin (i-4 %y) and equate the %)na- 
gin a? y parts on both sides. ] 

(ii) lienee deduce tliat 



°° 1 1 / 
^^tan”^ 2 2 — tan ^Itarih 

1 n n 4 \ 

Va“‘ ja)' 

20. 

S}lO^^ that 



1 n . n 2 n/i . cos®0\ 

co8^2sm0) - ^cos 9(1 + - 2 ^ ) 


21. 

Show that 



cos 2 9-l-0®-(l-0®)®y*-(l-0*) 


and hence deduce that 




'^‘co 

II 
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RESOLUTION INTO FACTORS {contd) 

103. It is known from the Theory of Equations that if 
a bo a root of the equation /(.r) = 0, then ®-a is a factor of 
the expression f{x) ; and if f{x) = 0 be an equation of the 
nth degree possessing the n roots a^, a 2 ,... an and if the 
coefficient of the highest degree term in f(x) he unity, tlion 
f{x) = (a; - a i)(,r - a 2 ) (a* - aj. 

This principle wUl he made use of in the following 
articles. 


104. - Resolution of x*" -2x" cos nG+1 into factors. 

I jet us first find the roots of tlie equation 

a.2« _ ^,^5. «0 + 1 = 0. 

The equation a;®’* - 2x^^ cos + 1 = 0 may be written as 
a**" - 2r’‘ cos nd + von^nB + sin^nO ■= 0 


or, (a;” - cos 710 )'^ = sin^nO 
therefore, cc” - cos ?i0 - ± I sin nO ; 


hence, x = (cos iiO ± i sin 

As in Art. 49, the values of the right-hand side expres- 
sion are the 2 ?j quantities 

2rji + 716 . 2rn + nQ a 1 o 1 

cos ±esin - » r = 0, 1, 2,...7i- 1, 

n 71 

Hence, the roots of the equation - 2a;” cos w0 + 1 = 0 


cos d± 7 sin Of cos ^ sinj^ + 

/a ]) 7 xl . . . /ft . 2(71 - l);*\ 

cos|0+ - esm|0+ - 


are 
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The factors corresponding to tlie first pair of roots are 
(flj “* cos 0 - i sin 6){x - cos d + i sin O), 

(x - cos 0)® + sin^0, 

the quadratic factor, -2x cos 0 + 1. 

Similarly, the second, third,... ?ith pairs ol the above 
roots gi^e as quadratic factors the expressions 

x^ - 2.r cos I0 + + 1 

I 71 ) 

x^ '■ 2x cos |o + 1 

x^ - 2x cos jd + + 1. 

Hence, - 2a?” cos 7 t 0 + 1 

= |a;^ - 2x cos 0 + 1 j|r^ - 2.r cos|0 + + j|*** 

- 2a? cos ^0 + + l|* ••• (l) 

Tlie above relation may be shortly written as 

x®"-2x"cosn6 + l- // |x*-2x C08|^+^j + l|* (2) 

n-l 

N, B. Tho symbol II stands for tbo product of all tho factors 

r -0 

corresponding to the integral >alucs of r from 0 to « — 1. 

Eeplacing x by and multiplying by a ”, it may be 
shown that 

x*"-2a"x"coBn6+a*"- //|x®-2ax coB|6+^| + a®|(3) 
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105. Geometrical Application. 

A goomeirical meaning may be given to the equation (3) 
of the above article. 

Let 0 be the centre of a circle of radius a, and P any 
point within or without it, such that 0P = x ; and let tho 
wdiole circumference bo divided into n equal arcs by the 
points ^ 1 , ■^ 2 » A 3 j ^4^. ■' 

Then AA^OA^ = AA^OA^ = AA^OA^ = 

n 

Join 0 and P to the points of division ^ 2 i $ 



Let ZPOA, ; then ZPOA 3 =0 + 

A'i>OA»=e+—‘- 

n 

We have, = OP® + O^i* - 20P.0^i cos POAj, 

= iB® - 2oa! cos 0 + 0 *. 

PAa^^OP* + 0Aa^-20P.0Aa cos P04. 
= i»® - 2fla: cosj© + + o*. 
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Similarly, PAs^ =£c“ *“ 2^05 cos + a®, 

PAn^ =x^ - 2ax cos 

Hence, PA^^.PA^^ PAn^ 

= |.r® - 2a3; cos 0 l- “ 2aa: cos ^0 + 

...|^2 _ 2,7.7; eos |0 + 

-ir^'‘-2^,Vcos 

= 0P""-204i”0P’* cos n9 + ••. (-1) 
This is known as De Moivre's property of the circle. 

Particular cases : 

(i) When P is on the circumference oE the circle, 

0P-«-=0.li. 

Therefore, OP"” - 20At^\0P^' cos 7i0 + OAi^^^ 

= 20 ^ 1 “" (1 - cos nO) = 40^1^’* sin" ”® 

Hence the above relation becomes 

PAy.PA^ P^, = 204i’' sin ”®- 

A 

(ii) Wlien P lies on OA^ ; then 0 = 0. 

Therefore, PA^ ^,PA^^ P^n* = a;®” - 2 a” 2 ;” + 

PAi.PA^ PAn = co‘*^‘^ a^t or, 

The first of the two values should be taken wlien x 
*» 

is > a, Z.C., when OP is > OA, in other words, when P lies 
outside the circle. 
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The second value should be taken when a? is < 
when OP is < OA ; in other words, when P lies inside 
the circle. 

Therefore, PA^^^PA^ PAn-x^'^a^'. ••• (6) 

Again, let m3, be tlie middle points of the 

arcs ^41^3, 42-^3, A 3 A 4 ., so tiiat the whole circum- 
ference is now divided into 2n equal aves^by the points A^, 

mi, A.J, m3 

Hence, by (5), 

PA^,Pmi.PA 3 >Pm 3 ,,, to 2;i factors = a® (6) 



Dividing (O) by (5), 

Pmi.P?W2 (7) 

This is known Cote*B property of the circle. 

Obs. Since A.POM^ = ^ ^ hence the relation (7) can bo 

jtn H 

deduced directly from equation (4) by putting a = - and PA if PA a» 

n 

Pm If Pm^ 
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106. Resolution of x" - 1 into factors. 

Let us first find tlie roots of the equation x^-l=0. 

.r” -1 = 0, or, = 1 = cos 0 i sin 0. 

1 

/. .r = (cos 0 + i sin 0)'^ 

As in Art. 49, the values of the right-liand side expres- 
sion are the n quantities, 

2r7i , . . 2rn a i i 

cos + / sin * r — 0, J, 2, 7i-J. 

n n 

Hence, the roots of the equation - 1 = 0 are 
. . . 2n Iti . . An 

cos 0 + 7 sin 0, cos +? sm * cos +t sm * 

n 11 n n 

^nn — 4n , . . %}7i — An 27i;i — 2n , . . 2nn-2n 

cos + ? sin - » cos + 7 bin 

n n n n 

The last term in the above series ~ cos - / sin 

n n 

The last but one term ~ cos - ? sin and so on. 

11 n 

Thus, we j»et coujuj^ato complex roots for r = 1 and n - 1, 
r = 2 and w - 2, and so on. 

First, Irt n he even. 

Now, for r = ^ ’ the value of the expression is 
cos n + i sin n= 1. 

Thus, when ii is even, — 1 = 0 has two real roots and 

( ^ - ij pairs of con ju{?ate imaginary roots,*’* and these are 

271 . . . 2;r 47*... 47*. 

±1, cos ±e sin -* cos ±i sin — 

n n n n 

n-2 . . . iir^ 

cos 7l±^Sm 71. 

n n 


*It is well-known theorem in the Theory of Equations that 
imaginary roots occur in conjugate pairs. 
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Tlie factors corresponding to the real roots are {x - 1) 
and (x + 1), i.c.t the quadratic factor x^ - 1. 

Those corresponding to the first pair of complex roots are 


271 . . 2ji 

• cos - ^ sin 
n n , 


j and I a: ~ 


271 , , . 2j*\ 

cos + ^ sm I 
n n I 


i,e.y the quadratic factor - 2x cos ' + 1, and so on. 

► 

Tfence, when n h evov^ 


= “ 2a* cos + ij |a;® - 2a‘ cos^^ ‘"ji + 1 j 

= // |x^ -2x cos^~ + ij* ••• (8) 

Secondly, let n be odd. 

When 71 is odd, a*’* “1 = 0 lias one real root and 
^ pairs of conjugate imaginary roots and these are 


^ 271 27t 4 ^* , . . 471 

1, cos - ± ^ sin * cos ± i sin » 
* n n 71 71 


n-1 ^ . . w “ 1 
cos - " ;i±« sin ti, 
71 n 


Combining as before, factors corresponding to the 
imaginary roots, we get iohe7i w is odd, 


x" - !« 


■ |a: “ 1 j|a;* - 2a; cos ^ + 1} 

••• ja;® “ 2a; cos ^ } 

jt-i 

|x-lj // - 2x COB ij- ••• (9) 
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Cor. Expression of sin B into factors. (Alternative method). 

From (8), writing 2m for n (n boing an even integer), and dividing 
both sides by a;*", 

a)™ - a-” = (a - a- ^ r + a- ‘ - 2 008 • 

SB B 

Now putting aj= COS +i sin - »*so that aj+®“^ = 2 cos * 

^ ° m m m 


a — a;“‘ — 2i sin » aj*"— sin B^ and noticing that 
m ° 

B rir „ . - rir « . o ^ 

cos -cos =2sm®rt -2sm®„- » 
vb VI 2m 2 m 

the above reduces to Rafter dividing both sides by sin 

"E-*.,..- ( I- /J... 

Sin 

! 


Jvt-1)T . a d 1 
2m 2mi‘ 


(i) 


Making 5 0, 

. . Tf sin B . 

sin 

VI 

oQfn-j • J ^ . a 2ir . a 

7«=2=*""'‘ sm** „ Sin*„ —sin*' „ 

2 m 2m 2 m 

Dividing (i) by (ii), 
sin B 


VI sin 


" 


(ii) 


1 factors. 


As this is true for all integral values of vi^ make vi an infinitely 
large positive integer. 

Q 

Then, since, m sin = B^ 

m-*oo Ml 


and 


Li - 

m->oo^ 


2771 B 


2m 


we ultimatdy get 

sin B 




the number of factors on the right-hand side being infinite. 


14 
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107. Resolution of x" + 1 into factors. 

Leb us first find the roots of the equation a?" + 1 = 0. 
flj” + 1 = 0, or, = - 1 = cos n + i sin n. 

1 

Therefore, x = (cos :i + ^ sin ji)”. 


By Art. 49, the values of the ri^^ht-hand side expression 


cos +tain » r=0, 1, •••(A) 


Hence the roots of the equation + 1 = 0 are 


n , . n 3 ;e , . . 871 

cos + i sin • cos + 1 sin — * 
n n n n 


2nn - 371 , . 2n7i — 3^ 2nn — n , . 2nn ~ n 

cos + 1 sin » cos + / &m *— 

n n ii n 

The last term in the above series 

7f 71 

= cos - 1 sin - • 
n n 

The last but one term 

StI . 071 j 

= cos - i sin — * and so on. 
n n 

Thus, we get conjugate imaginary roots for r = 0 and 
w - 1, r = 1 and w - 2, and so on. 

First, let n be even. 

When n is even, fl3* + l = 0 has | pairs of conjugate 
imaginary roots and these are 

71 , , . 71 071 StI 

cos ± ^ sin - ' cos — ±i sin — 

n n n n 
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The factors corresponding to the first pair of imaginary 
roots are 

( X - cos ^ “ e sin ^ I and [x - cos ^ + ^ sin ^ ) 

t,e,t the quadratic factor £c® - 2x cos ^ + i- 

Similarly, the factors corresponding to the other pairs 
of imaginary roots aro obtained. 

Thus 7vhe7i n is even 

x' 


2.6., 


" + 1 = -2jj ^os^ + "Sa; cos'^”+ ij 
la? — 2a? cos- — + ll» 

”)• 


S"V 2 

II X - 

p^O ' 


2r+l , ^ I 
2x cos ;r + l| 


( 10 ) 


Secondly^ let n be odd. 

Now for the value of the expression (A) is 

)a 

cos n + i sin 1. 

Thus, when n is odd, a?** + 1 == 0 has one real root and 


w- 1 
2 


pair of imaginary roots and these are 

- n , . . n Sn , . 3n 

= “ 1, cos — ±2 sin » cos — ±2 sin » 
n n n n 


(«-2);t. . . (?2— 2);r 

cos ±2 sin- • 

n n 

Combining as before, the factors corresponding to the 
pair of imaginary roots, we get when n is odd, 

x" + l =* |a?+ lj|a?* “*23? cos ^ + l)(®® -2a?cos^+ ij"'* 
|a?® - 2a? cos + ij* 

U., -(x+l)"^(x*-2xeo*^^»+l)- - (11) 
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Cor. Expression of cos B Into factors. 


From (10), replacing n by 2«/, putting ®=cos - + iflin and 

w wt 

proceeding exactly as in Cor., Art. 106, wo get 



108. Ex. 1. Express as a pioduct of n factors 
cos n4» — C 06 110 , 

Dividing both sides of equation (2), Art. 101, by jc", we have 

aj” — 2 cos W0 + // I'®— 2 cos (<? ^ 
j:'* r=ol. V nf xi 

Putting in this equation a’ = e’^, so that 

and hence = 2 cos 0, 

a;"+a;""=e^”^+e~*”'^ = 2 cos n0, 


wo have, 

2 cosm0~2cos 7i^ |2 cos 0 — 2 cos + 


= 2" IT {cos 0- 008 (» + ^^') }• 

I n0 — cos ni « 2“" ‘ 17 |oo3 <p — cos (s + j • 


Ex. 2. Show that 

(i) Bla n0=2“-* sin 0 ain ( 0 + - 

[ C. If. 1935. ] 

(ii) cosn0=2’'"‘ sin 

(i) Putting aj = l and ^»20 in the equation (1) of Art. 104, we 
have 2 — 2 cos 2n0= (2 — 2 cos 20) ^2— 2 cos ^ factors 

i.s.) 4 sin*w0=s4 8in^0.4 sin® ^0+ ^ ^ factors. 

Now extracting the square root of both sides, the required result 
follows. 
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(ii) This result follows from (I) by putting for 0 
Ex. 3. Prove that when n is odd 

tan n0= ( — 1) tan 4> tan ( 0 + ^ j ^0+ • 

By changing 0 into 0+ ^ in the result of Ex. 2 (i) above, wo have 
sin ^n0+^j =2'*"* sin j^0+ ^ J sin j^0+ ^ ^ j**’ to w factors. 

Left side = sin w0 cos +cos «0 sin 

n-i 

= (~ 1) ^ cos «0, sinco^ is odd. 

Bight sido=2’‘“^ cos 0 cos |^0+ ^ J to n factors. 

( — 1)2 cos «0 = 2'*"^ cos 0 cos 1^0+ ^ j cos 1^0+^^ 

The required result follows by dividing the result of Ex. 2(i) by 


Ex. 4. Proi'e that 


J* 1 IT 2'rr 
2 2 iiin sin 

n II 


s/n. [C.IL2939, '21, »4J. ] 


From the result of Ex. 2(i), wo have, 

r^^^a-sinL+^lsi 

sin 0 L 


= 2"-‘ sin[0+ l] sin [«+;'] sin [ 0 +^^ ^]. 


Making 0-^0 and noting that as 0 tends to 0, tends to n, 


ft«-i . T . 27r 

1 = 2" ^ Bin sm -• 
n n 


. n— 1 

•sin — TT* 
n 


Now, in the right-hand side, factors equidistant from the beginning 
and end are equal. 

"■“1 _ 9— 

2 ® flin^sin - tjn 

n n 

the last factor being sin when n is odd, and sin when 
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EXAMPLES XlV(b) 

1 . Prove that 

on-i . w . 3n . (2w“l)w - 

(0 2 sm =1. 

[ Put 0= wt Ex, 2( i) worked out. ] 

(ii) 2’*’'"^ sin ^ = [ G. II. 1946, ] 

11 n 11 

f N n (iz-l)h ^ ^ . 

(iiij 2 cos -cos cos “0, 1 or-1 

n n n 

according as n is even or of the form 4p + 1 or 4p — 1. 

[ C, H. 1940. ] 

(iv) tan <l> tan ^ factors 

= (~l)^”, if n be even. [ G. JI. 1938, ] 


2. Prove that 

n-lr 


f/J n , f/f 

// <cos 0-cos - 

r=f)l n 


) + ’//{l-cos(o + ^;’')}-0. 


3. Prove that 


n n a t X- a COS 1 

.7*” - cos nO _ 1 ^ 

( 9 + 2 ’" 

\ n , 

) 

a?''*’* -2aVcos?i0 + a^'‘ 2 0 / 

r=o® -2afl:cosl 

1 / 

l + a* 


4, Prove that 

cosh - cos nd « 2” ^ // |cosh ^ - cos 

[ C. S. 1957, ] 

6. ill, il 2 ,...il 2 n are the vertices of a regular polygon 
of 2n sides inscribed in a cfrcle of radius a. 

(i) If 0 be the mid-point of the arc A^A^ny prove that 

Oili.Oia Oiln- ^/2a^ 

(ii) Show that A^A^^A^A^ ili4n“a“"^ Jn, 
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6. ill, -42,...il2n+i are tbe vertices of a regular polygon 
of (2w + 1) sides inscribed in a circle of radius a. If the dia- 
meter through -4n+i meets the circle again in Q, show that 

QAx»QA2 QAn = fl**. 

7* If Pii P 2 i-*-Pn ho the distances of a point P in the 
plane of a regular polygon of n sides from the vertices, 
prove that 

1 4 . 1 4 . 4 . 1 ^ . 

Pi** P 2 " Pn" 2rV cos 710 + - a" 

a being the radius of the circum -circle, r the distance of P 
from the centre 0, and d the angle between OP and Pi. 

[ a U. 1981. ] 

8. The product of all the straight lines that can be 
drawn from one of the angles of a regular polygon of n sides 
inscribed in a cir^’le whose radius is a, to all tlie other 
angular points is 

9. Prove that 

sill 2a sin 4« sin (2n'-2)a^ 

sin a sin 3a sin (2n ** l)a ’ 

where 2na = n. 


[ Ajyply the result of Ex. 1 (i) d ( paoc 314. ] 

10. Show that cot a cot 3a cot 5a cot (27J+ l)a = l, 

where 4(7^ t* l)a ■= n. 


11. Prove that 

ix + 1)»” + (a: - 1)®" « 2 // J + tan ® 

12. Show that 

tan”^ (cot nx tanh ny) 

« tan"^ (cot X tanh y) + tan“^ | cot ^ j tanh y | 
+ tan”^ I cot |ju.+ tanh y J + ••• to n terms. 


[ C. H. 1986. ] 


[ See Ex. 6, Art. 69 cmd Ex. 2(i), Art. 108. ] 



CHAPTER XV 


MISCELLANEOUS THEOREMS AND EXAMPLES 

Sec. A. — IDENTITIES AND TRANSFORMATIONS 

109. The followinf? examples wiU illustrate some 
important types of trigonometrical identities and transfor- 
mations. 


Ex. 1. Prove that S fos (a + d) sin (^— 7 )= 0 . 

2 cos (a+e) sin (j 3 - 7 ) = 2 (cos d cos ^ -sin a sin $) sin (i9-7) 
= cos 6 2 cos a sin (18 — 7 ) 

— sin ^ 2 sin a sin {^-y) 

« 0 , 

since, 2 cos a sin (/3— 7)-0 and 2 sin a sin (/3 — 7 ) = 0. 


Ex. 2. If cos^x+co$^y+ 003^3+2 cos x cos y cos « — 1 = 0, 

Jiow that x±y±z^(27i+l)tr. 
cos®a;+cos’?/+cos*j3r+2 cos x cos y cos z — 1 

= cos*a+(cos®2/+co3®? — 1) + 2 cos a; cos j/ cos z 
= cos®aj+(cos’/y— sin’?) + 2 cos x cos y cos z 
= coB®aj+cos (?y+c) cos (y— ;?)+co3 X Icos (v+?) + cos (»y-ar)l- 
= {oos a+cos (7/+2r)Hcos flj+cos (y — z)) 

. x+v ^z as— v — 2 a;+i /— 2 ar — ?/+2 

= 4 cos 2 cos 2 c js — 2 — cos 2 


Since, the left side is equal to zero by the given condition, 
.*. one of quantities cOs ^^=0, 


i.e., one of the four angles cs (2n+ 1) ^ > 

i.e., a5±^y+2«(2n+l)ir. 
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Ez. 8. Prove that 

2 sin 2a sm (^3-7)= -S sin (/3+y) S sin (/3-y), 

Eight sido= —{sin /3 cos 7+cos p sin 7+sin 7 cos o+cos 7 sin a 

+ sin a cos /9+oos a sin 

X {sin j3 cos 7 — cos sin 7+ sin 7 cos a - cos 7 sin a 
+ sin a cos j3 — cos a sin /3}- 
= - [{sin /3 cos 7+sin 7 cos o + sin a cos 

— {cos /3 sin 7+cos 7 sin a+cos a sin 

Now, sin*/3 co3®7 — cos^/S sin -*7 

= sin'*/3 (l-sin^7)-(f-sin*/3) 8in®7 = sin®j8-sin*7 ; 

henco, tho algebraic sum of tho s(iiiarc terms is zero ; the product terms 
are equal to 

2 sin a 00s a (sin /3 cos 7 — cos jS sin 7) 

+ 2 sin jS cos (sm 7 cos a — cos 7 sin o) 

+ 2 sin 7 cos 7 (sin a cos ^-oos a sin /3) 

= 2 sm 2a sin (/S— 7). 

Note. In this example, putting Itt+o, }w+p, iT+7 for a, 7 
rospeotivoly, we obtain the identity 

2 cos 2a sm (|3-7)= - 2 cos (i8+7) S sm (/3— 7). [ C. IL 1957, ] 
Ex. 4. Prove that %f 

1 — tan B I'm 1 tan C tan tan A tan 

cos* A cos*B ” cos*C 

either tan Ay tan Cy tan B are in A.P.y or, A-¥B+C is an integral 
multiple of IT, 

Taking the denominators to the numerator and expressing them in 
terms of the tangent, the given relation becomes 

(l+tanM)(l-tan B tan C)+(l+tan®Bj(l- tan C tan A) 

. «2(l+tan»0)(l-tan A tan B). 
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This, when simplified, reduces to 

(tan -4+ tan B+ tan C)(tan A + tan B - 2 tan C) 

— tan A tan B tan G (tan il + tan J3-2 tan C)=»0, 
(tan X+tan B— 2 tanC/)(tanil+tanB+tanO — tan^l tanBtanC) = 0; 
either tan il + tan B — 2 tan C=0, 
tan At tan O, tan B are in A. P., 
or, tan ^ + tan B+tan C — tan A tan Blian C = 0, 
whence tan (A + B + C) = 0, 

i.e., A + B+C = wir (ii being zero or any integer). 

Ex. 5. If cos A = cos9 sm 4>t cos B = cos 4» svn cos C = cos yp sin B 
and A + B + C = t, jprove that tan 6 tan 4» tan ^=1, [C. H, 1935, ] 

If A +B + C = ir, then 

cosM + cos®B+cos®C»=l — 2 cos A cos B cos C. ••• (1). 

Now, oos®-4 +cos*B+cos*0 

= cos*0 sin®0+co8*0 sin^^+cos’v^' sin®^ 

“sin*^ (1 — sin’^j + cos®^ (1— cos* ^) + cos’ ^ sin*^ 

= (8in*0+cos*0)-sin*0 sin’0 — cos’^ coa*^+cos*^ sin®0 
«l-sin*0 sin*^ (cos* sin* ^)- cos *0 oos*0 (sin*^+cos*^) 
4-008*0 sin^^ (8in*04-cO8*0) 

= 1 — (sin’tf 8in*0 sin®04-cos*^ cos*0 cos*0) 

1 — 2 cos 0 sin 0 cos 0 sin 0 cos 0 sin 0, from (1). 

P 

sin*0 sin®0 sin®04-cos*d cos®0 cos*0 

-2 sin 0 sin 0 sin 0 cos 0 cos 0 cos 0^0. 

(sin 0 sin 0 sin 0-cos 0 cos 0 cos 0 )®bO. 

.*. sin 0 sin 0 sin 0 b cos 0 cos 0 cos 0. 
tan 0 tan 0 tan 0 b1. 
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EXAMPLES XV(a) 

1. (i) If 4 + B + 0 = and cos 4 = cos B cos 0, prove that 
cotBcotO^i. [G.P. 1933.1 

(ii) Prove that the expression 

sin® (0 + a) + sin® (0 + /J) - 2 cos (a - /3) sin (0 + a) sin (0 + jS) 
is independent of 0. 

0 <h 

(iii) If tan *= tan® » and tan <#> = 2 tan a, 


show that 


0 + 


^ Ti! sin jr sin 3ir sin 5a^ . . 

2. If - « - = show that 

(ii (tg 

cti ct g d 

3, If id + B + C = prove that 


sin®^ 

Bin®B 

sin®C 


cot A 
cot B 
cot G 


= 0 . 


[ C. JT. 2931. ] 


4. Prove that if, 

1 - cos z 

- cos z 1 


- cos y =0. 
-cos X 
1 


* cos y - cos X 
then x±y±z^^{2n+ l)n. 

[ The determinant when expanded will reduce to Ex. 2 worked out. ] 

g sin^a , cos^a _ 1 

O* it ~~ + 




9inSa-,-aoftSa,_ 1 

“(a+'6)»' 



220 


HIGHER TRIGONOMETRY 


6. Show that 

2 cot (2a + - Hy) cot (2/9 + y - 3a) = 1. 

7. If cos^a? + cos^y + cos®^ - 2 cos x cos y cos z = l, then 
show that 

x± y±z-2nn. 

[ Proceed ns in Ex. 2 worJced out. ] 

8. If a + /9 + y = 0, prove that 

S sin 2a = 2 (2 sin a)(l + 2J cos a). 

9. ltx-i-y + z = xyz^ then 



10 . Show that 

1 cos d cos 2B cos 30 = 0. 

cos 0 cos 20 cos 30 cos 40 

cos 20 cos 30 cos 40 cos 50 

cos 30 cos 40 cos 50 cos 60 

[ Multiply the 2nd low hy 2 cos 0; now if 3rd row be subtracted from 
the second^ two rows would he identical. ] 

11. Show that 

sin (a + x) sin (a + y) sin (a + z) - 0. 

sin (jS + x) sin {p + y) sin (P + z) 

sin (y + x) sin (y + j/T 8in(y + 2) 1 

[ The given determinant is the product of two determinants 
(sin a» cos p, 0) and (cos x, sin y, 0). ] 

12. If a +^ + y and 

tan ilp + y- a) tan i(y + a- /9) tan i(a+p-y)*^ 1, 
then 1 + cos a + cos P + cos y = 0. [ C. IT. 1934. ] 
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18. Granting that A, B, G are the three angles of a real 
plane triangle, prove that the two relations 
sin®^ + sin^S + sin^G ** sin B sin 0 + sin C sin A + sin A sin B 
and cot A + cot B + cot G= 
are equivalent to each other, and that eitlier of them may 
be taken to characterise an equilateral trianqle. 

[ G. 1930 ; C. P. 1940, ] 

14. If + P + C = 71, and if 

cos A = cot y cot 2 , cos B = cot 2 cot a?, cos G *= cot x cot //, 
then show tliat cos^a; + cos^l/ + cos^^^ = 1. 

15. Show that B sin®a; sin^Ti/ ~ z) 

= 3 sin a; sin y sin z sin {y - z) sin {z - a*) sin {x - y). 

[ 2 sin X Sin (?/-^) = 0 ; now apply the result “i/a+6+c = 0, 

16. If (sin X + sin y + sin zy + (cos x + cos y + cos z)^ == 1, 
show that two of tlio angles differ by (2?^+ {)n, 

17. If cos A “ tan P, cos P «■ tan C, cos C = tan A^ 

prove that sin -d = sin P = sin C = 2 sin 18®. [ G. P, 1939. ] 

18. If in {h + c) tan a = 0 and tan p tan y = Sa, then 
prove that Sa sin 2a •= 0. 

[ Obtain the prorcrtional values of a, 6, c from the first two equations 
by the Buie of Cross MiilUplication. ] 

19. Prove that 

sin (a + p) sin (a - p) sin (y + d) sin (y - d) 

+ sin (j5 + y) sin ip-v) sin (a + fi) sin (a-d) 

+ sin (y + a) sin (y - a) sin {p + sin (^ - ^) = 0. 

[Put a>^sina, b*»smP, c-sin% d’=^svn9\ left side becomes 
(a®-6*)(c*-d*)+(6*-c®)(a*^d®)+(c®-a'*)(6*-d®) which iszero. ] 

20. If tan i(tf + «-«)tani(2 + aj-y) tan i(a! + y-*)“l, 
show that B sin 2 x ^4 cos x cos y cos z. 
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21. If + V = ;*, prove that 


/ a "-! 

-? 4 . 

^-1 

\ 2 ” ■■ 

3 ^ 

2 ’*/ 

+ tan 1 

2 «_ 

1 n 

1 2 " 

“'3 


= the product of the same three tangents. 

22. If tan i(y + + tan i ( 2 ? + a?) + tan i(x + y)^0, prove 

that sin a; + sin 7 / + sin 2 ; + 3 sin (a; + j/ + :;) = 0. [ C, H. 1935. ] 


23. If 


cos (B + C) , cos (0 + il) 2 cos {A + B) 


prove that 


LI- . • -Tk UUOIU 

COS A cos B cos G 

tan A, tan 0, tan B are in A. P., or A + B + C = nn. 


24 If ^ ^ ^ ^ ^ ^ ^ 7 / + sin 2 f^ 

cos (a; + 2 / + 2 ?) sin (a* + 2 ^ + 2 ^) 

prove that S sin (y + 2 f) = 0 

and that each fraction = ^ cos [y-^z). [ C. P. 1938. ] 

25. If cos (/3 - y) + cos (y - a) + cos (a - jj) — - f , show that 

(i) cos na + cos n/3 + cos nV is equal to zero, unless n is 
a multiple of 3, in which case it is equal to 

3 cos Jti (a + + y). [ G, H. 1936. ] 

(ii) cos® (d + a) + cos® (5 + jj) + cos® {O + y) 

- 3 cos (0 + a) cos (0 + p) cos (0 + y) 
vanishes whatever be the value of 0. 

26. If cos X + cos y + cos z + cos x cos y cos 2 ? = 0, prove 
that sin^aj (l + cos y cos 2 :)® «* sin*!/ (l + cos z cos a;)® 

!► = sin* 2 ; (1 + cos x cos 2 /)®. 

27. The system of equations 

sin (2r - V - z) ^ sin (2v - 2 ? - a?) ^ sin i2z - a? - y) 
coa(2x + y + z) cos (2|/ + 2 r+a?) cos(2z + x + y) 
if X, y, z be unequal and each leSs than n, is equivalent to 
the single equation 

cos 2 (y + ^} + COS 2 (z + x) + eoa 2 (® + y)**0. 
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28. If (sin®!^ - sin®^f) cofc x + (sin®^ - sin®£c) cot y 

+ (Bin®a? - sin®y) cot z = 0, 

then either the difference of two angles or the sum of all 
three is a multiple of n. 


29. ’ Show that ifa + /J + y + a; + 2 / + 2f«0, 
then f tan (a + x) tan (p + x) tan (y + x) | = 0. 

tan (a 4- y) tan (fi + y) tan (y + y) 

tan (a + z) tan (fi + z) tan (y + z) 

tan (d ~ a) tan (<<» - a) tan (yf - a) 

oU. If =* = * 

p q r 

show that ((Z ”■ r)® cot (</> ~ v) = 0. 


Sec. B— INEQUALITIES 

110. The following examples will illustrate some 
important types of trigonometrical inequalities. 

Ex, 1. If At Bt G are the angles of a trianglct find the maximum 
values of 

(i) sin A + sin B + sin C, 

(ii) sin A sin B sin C. 

Let us suppose that C remains constant, while A and B vary. 

(i) sin A + sin U+sin C*2 sin J(A+U) cos J (A-Bj + sinC 
= 2 cos JG cos J (A-Bl + sin G. 

This expression is a maximum when A ^B. 

Hence, so long as any two of the angles A, B, G are unequal, the 
expression sin A+sin B+sin G is not a maximum ; that is the expre- 
Sion is maximum when 

3 kJZ 

Hence, the maximum value « 3 sin 00® * • 
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(ii) 2 sin A sin JJ sin C={co8 (ii — B)-cos (il + B)} sin C 
= {cos (A-B)-h cos 0} sin C. 

This expression is a maximum when A^B. 

Hence, by reasoning as before, sin A sin B sin C has its maximum 
value when A-B=C = CO®. 

3 ^73 

Thus, the maximum value = sin® 60®= ^ • 

Note. The above example is a particular case of the following 
more general theorem : 

If the sum of n anglest each i^ositive and less than a right angle ^ 
is constant^ then the sum of the product of the sines of the angles is 
greatest when the angles are all equal. 

The method of proof is similar to that of Rx. 1. So long as any 
two of the n angles are unequal, the sum or product of the sines can 
*be increased by replacing each of these two angles by their arithmetic 
mean and hence the sum or the product is greatest when all the angles 
are equal. 

A similar theorem holds for the cosines of n angles. 

Ex. 2. Shots that lies betireen Band J. [C. H, 1938, ] 

!>ec*0-i-tun9 ® 

T . ^spc’^-tan 0_l+tan®^-tan 
® ®**sec‘*e^ + tan 0 l + tan^^+tan ^ 

(a;-l) tan'-'^ + Cir+l) tan 0+(a;-l)=O. 

In order that the value of tan 0 found from this quadratic may be 
real, we must have 

(sB+l)* >^ (»-!)», 
i.e.t - 3a;® + 10a - 8 must be positive, 
i,e,t (3x - 1)(® - 3) must be negative. 

Hence, x lies between 8 and i. 

Ex. 8. Show that if 0 lies between 0 and t, 
cot i0-cot 0 > 2, 


[ C. P. 1934. ] 
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^4. ^4. a cos i0 COS $ sin 0 cos iff “COS 0 sin i0 

cot - cot « - ^ - - 

^ sin3(? ^3j9m — 4 sin*j0 

sin ^0 sin 0 sin ^0 sin 0 

_ 3 — 4 8in^3g ^l+2 COS Jd 
"" sin 0 sin 0 

=» cosec 0+n -A?®®-— ^- 3 -iS*cosoo tf+oosoo Jd. 

2 sin i0 cos 4^ 

Now, since 0 lies between 0 and w, cosec 0 and cosec iO are both 
postive and each not less than 1. Hence the result. 


EXAMPLES XV(b) 

1. 11 A, B, C are the angles of a triangle, find the 
maximum values of 

(i) cos A + cos B + cos C. 

(ii) cos A cos B cos 0. [ C. H. 1937. ] 

(iii) tan ^ tan ^ tan ^ * 

2. li A + B + C = n, find the minimum values of 

(i) cosec A + cosec B + cosec C. 

(ii) sec A + sec B + sec 0. 

(iii) tan A + tan B + tan 0. 

(iv) cot A + cot B + cot O. 

(v) tan* ^ + tan* + tan* 

[ Use S tan tan 1 ] 

(vi) cot *.4 + cot*5 + cot*C. C ^ ^ C*1 ] 

/..\ . 2-4, . s-B, . 2^ 

(vii) sin 2 +sin ^ +sm g* 

[ Use 2 «in* 3 =2 i(l- 60 » A) ] 


Vi 
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3. Write down the general theorems corresponding to 
the inequalities in Ex. 2(i), (ii), (iii), (iv). 

4. If A, By C are the angles of a triangle, show that 

2 (cot A +.cot B + cot C) is not less than (cosec A + cosec B 
+ cosec G). [ G. P. 1933. ] 


5. If A, By G ho the angles of a triangle, show tliat 
cos A + cos B + cos G lies between 1 and 

[ G. H. 1936. ] 

6. Prove that the maximum triangle which can be ins- 
cribed in a given circle is equilateral. 

[ Area^ibc sin A — 211^ sin A sin B sin C. ] 


7. Prove that tlie maximum triangle whose perimeter 
is given is equilateral. 

[ A = 5* tan iA tan iB tan iC ; use Ex. 1( m). ] 

8. In any triangle show that the in-radius is never 
greater than half the circum-radius. 

[ Use r=AR sm ^A sin JB sin ] 

9. Prove that in any plane triangle, the value of 
tan B tan G + tan G tan A + tan A tan B cannot lie between 
0 and 9. 

[ The exp.^^l + sec A sec B see C. ] 


10. Show that the geometric mean of the cosines of 
n acute angles is never greater than the cosine of the arith- 
metic mean of the angles. 

11, Show that tan 3 A cot A tiannot lie between 3 and h 


12 . 


Find the maximum value of 


tan^a ? -cot^g?+l ^ 
tan*a; + cot®a?- 1 


18. Show that in a triangle ABG, 

8 sin iA sin iB sin iG > 1. 
[ OP ■= R® (1- 8 fiin iii ata iB sin iO. ] 
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14. Show that in a triangle 
+ y^ + z^ - 2yz cos A - 2zx cos B - 2xy cos C is positive 
unless X : y : z*=^a : b : c. 

16. If tan d + tan <!> = a, 

sec 6 + sec </> = 6, 
coseo 0 + cosec “ c, 

and if b and c are of the same sign, show that be > 2a, 


Sec. C.—ELIMl^^ATION 

111. The elimination of variables from given trigono- 
metrical equations is a very important and common mathe- 
matical problem. There are no set rules to effect the 
elimination. The form of tlie equations will often suggest 
special methods, and in addition to the usual algebraical 
artifices, we shall always have at our disposal the identical 
relations subsisting among the trigonometrical functions. 

The following examples will illustrate some useful 
methods of elimination. 


Ex. 1. Ehimnate 0 between the equations 
a cos 9’¥h sin $+c=0 
a* cos B+V sin 0+c'=O, 


From the given equations, we have, bj cross-multiplication, 
cos 8 sin 9 1 


he* — h*c ca^ c'a ab' — a*b 

j, be ““ be, j . « ca ■“ 
cos 8 - — /, » and sm 6 « , , 

ah ^ah ab - 


c*a^ 

a*b 


Squaring and adding, we ge^ 

(be* - b'o)* + (ca ' - c'a)* « (ab* - a'6)® 
as the required eliminant. 
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Ex. 2. Ehminate 0 from the eguations 
X sin d+y cos sin 20 
X cos 0~-y sin 0=a cos 20. 

[ C. H. 1929, '31 . : 

Solving as simultaneous equations in x and y, we have 
a;=a(cos 20 cos tf+2 sin 20 sin 0) 

= a[cos (2d~d) + sin 20 sin 01 
= a(co3 0+2 sin®^ cos 0). 
y=a{2 sin 20 cos cos 20 sin 0) 

= a(sin d+sin 20 cos ^) = a(sin 0 + 2 sin 0 cos®^- 
a;+y=a(sin d+cos 0){l+2 sin 0 cos 0) 

= a(sin 0 + cos ^)(8in 0 + cos 0)® = a(cos d+sin 0)*, 
Similarly, aj-j!/=n(cos d-sin d)(l— 2 sin 0 cos 0) = a(cos ^-sin 0)*. 

(cos 0+sin ^)'=(«+ 2 /)^ ••• ••• ••• (i) 

(cos 0-sin 0) = (aj- 2 /)^ ••• ••• ••• (ii> 

Hence, squaring and adding (i) and (ii), we have 

(aj + y? + (a - y)^ = 2c?, 
as the required eliminant. 

Ex. 3. Eliminate 0 from the equations 

* cos 0+^ sin 0 = 1 . 
a o 

xsin 0 — y cos 0= (a* «in®0+6* cos^0?. [ C. JT. 1934. ) 

Squaring the given equations, we have 

®a ooB®0+^®,y sin 0 cos 0+Jfa Bin*0 = l 
d* ah %* 

= sin®0+cos®0. ••• (1) 

a® sin®0-2aj/ sin 0 qos 0+y^ cos®0 

=a® 8in®0+6® cob®0. ••• (2) 

Transposingt (1) reduces to 
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Transposing and dividing by ab, (2) reduces to 

— sin® sin ^ cos cos®^«0. (4) 

ab ab ab ' 

Adding (3) and (4), we get, 

aj*-a® / oos®g ^ sin®g\ ^ y®-“6 ®/sin®^ ^ 

a\a b / b \ b a/* 

.-. •’-“’+•'-‘•- 0 , 

a 0 

05* , ?/* , - 

i.e., ^a-¥b* 

a 0 

This is the required eliminant. 

Ex. 4. Shoio that the equations 

a cos 0 cos ^+6 sin 0 sin 0=* c, 
a cos 0 cos 0-^b sin 0 sin 0 — c, 
a cos B cos 0+6 sin B sin tf^—Cf 
are inconsistent ^ unless 6c+ca+u6 = 0, 

From the last two equations we see that 0 and 0 satisfy the equa- 
ion in a;, namely 

a cos B cos x+b sin $ sin x^c. 


1 — <* 2 ^ 

Writing t for tan J®, cos sin ® simplifying, 

ve therefore get tan }0 and tan ^0 to be the roots of the equation, 
{c+a cos d)t® — 26 sin d.t+{c— a cos ^)«0. 


Thus, tan i0+tan J0«= 
tan i tan i0»« 


26 sin ^ 
"c+a cos B 

^ c-<ibo 9 B^ 
c+a cos B 
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Similarly, tan } (^+ 0) » 


- tan 0. 
a 


tan J (^ — ^) *= tan {i{0+ — i(^ + B)\ 
* (tan B - tan 0) 

1+^a ^ tan0 


^ /i6 sin {d~~4ii 

a* cos B cos 0+6* sin B sin 0 

whence, (remembering that B and 0 are diHerent, otherwise two of tho 
given equations become identical) 

a® cos B cos 0+6* sin 6 sin 0= -a6 {l + cos (0-5))-, 
or, a(a+6) cob B cos <6+ 6(^+6) sin B sin 0+a6=O, 
or, using the last of the given equations, 

(<i + 6)c + rt6 = 0, 

i.e,, a6+ac+6c=0. 


Note. A system of equations which is inconsistent unless the 
coefficients satisfy a certain relation, is said to bo porismatic. When 
this relation is satisfied, the equations have an infinite number of 
solutions ; in fact in that case any one equation can be deduced from 
the others. 


EXAMPLES XV(c) 

1. Eliminate 0 from the following pair of equations : 
(0 cot fl (1 + sin ®)*=4a ^ 
cot 6 (1 - sin O) « 46, 

(ii) a? = a cos 0 + b cos 26 
y^a sin 6 + 6 sin 26. 

(iii) X = tan 6 + tan 26 
j/ sa cot 6 + cot 26. 
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(iv) a sin 0 + b cos 3 = 1 

a cosec 3-6 sec 3 = 1. 

(v) X = sin 3 + cos 3 sin 23 
y = cos 3 + sin 3 sin 23. 

(vi) x + a = a(2 cos 3 - cos 23) 
y = a{2 sin 3 - sin 23). 

(vii) x = S sin 3 - sin 33 
y = cos 33 + 3 cos 3. 

(viii) X = cot 3 + tan 3 
y = sec 3 - cos 3. 

(ix) CD sin 3 - 2 / cos 3= Jx^-^y^ 
oos®3 sin®3_ _1 

(x) ^ =■ cos 3 + cos 23 
a 


^ = sin 3 + sin 23. 
b 


/ N 6t/ 2 

(xi) - I “ a - 

cos 3 sin 3 

a® sin 0 , by cos 3 ^ 
cos *3 sin ^3 


2 

0 . 


(xii) ~ cos 3 - %in 3 * cos 23 
a o 

- sin 3 + ~ cos 3 = 2 sin 23. 
a b 

2« If cos (3 - a) = a, and sin (3 - j5) ■» 6, show that 
a® - 2afe sin (a ~ i9) + 6® = cos* (a - /9). 
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3. Eliminate 0 and </» from the equations : 

(i) ® cos 3 + ^ sin 0 = 1 

' a 0 

cos <#> + £- sin <p == 1 

a 0 

cos fl cos 0 ^ sin fl sin ^ ^ ^ 3 

a o 

(ii) sin 0 + sin = a 
cos B + cos = 6 

sin 2B + sin 2<i = 2c. [ 0. H. 1938. ] 

4. If a, p, y be unequal angles each less than 2n, prove 
that the equations 

cos (6 4- a) sec 2a = cos {B f jS) sec 2/3 = cos (6 + y) sec 2y 
cannot coexist unless 

cos 03 + y) + cos (y + a)i- cos (a + /9) = 0. [ 0. H. 1032, *40. ] 

6. Prove that the equations 

a* tan 6 + tan B cot + cot ^ = 0 
ft® tan 6 + 6® tan 6 cot 0 + cot = 0 
c® tan 6 + c® tan 6 cot 4> + cot <l> — 0 
can coexist if either 6o + ca+a6 = 0, or else two of the 
constants a, b, c are equal. 

6, If a cos a + 6 cos p-^c cos y = 0 

a sin a + b sin P + c sin y = 0 
a sec a + 6 sec /5 + c sec y = 0, 
prove that, in general, ±a±6±c = 0. 

7. Eliminate 6 and from the equations 

sin 6 + sin 4> — a 
cos 6 + cos = 6 
tan 6 + tan ^ c. 
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8. Eliminate x and y from the equations 

cos X + cos y — a 
cos 2x + cos 2y^h 

cos 3a? + cos 3!/ = c. [ C. P. 1041. ] 

9. If a sin B-b cos 3 = - sin 40 
and a cos 0 + &sin0 = ^- f cos 40, 

then (a + + (a - h)^ = 2. 

10. Eliminate x and y from 

a sin^ a ; + h sin^y _ h fiin®.r + c sin®t/^c sin^a? + « sin®?/^ 
6 cos®a? + c cos^l/ c cos^a? + a cos®2/ cos“a? + 6 cos®!/ 


11. Eliminate 0 and ^ from the equations 

(i) tan 0 + tan <^ *= a, cot 0 + cot = fe, 

0 + a, 

(ii) X sin^B + y cos®0 = a, x cos®<^ + 2 / sin®^ = 6, 

a? tan B = y tan [ 0. P. 194J^. ] 


12 . 

18. 


cos (a - 30) ^ sin (a - 30) 
cos®0 8in®0 

m® + m cos a = 2. 


m, show that 

[ C. H. 1967. ] 


Eliminate a, &, o, from 

h cos V+c cos 0 • a 
c cos a + a cos y = 6 
a cos j5 + 6 cos a = c. 


• Eliminate a, / 3 , V from 

cos a + cos Pji- cos Y — a 
sin a + sin jO + sin y = 6 
cos 2a + cos 2p + cos 2Y — C 
sin 2a + sin 2/3 + sin 2y * d. 


14 , 
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15. Show that the equations 

a cos (<^ + v) + 6 sin “ v) + c = 0, 
a cos (v» + 0) + 6 sin (v» - O) + c = 0, 
a cos (& + 4>) + b sin (0 -<#>) + c = 0, 

cannot hold simultaneously for unequal values of 0, y, 
unless a* - 6® + 2bc = 0. 

[ Beplace ahy a+b, bhy b — a and c by —c in Ex. 4 worked out. ] 

16. If {x - a) cos 0 + 2 / sin 0 “■ (a; - a) cos </> + 2 / sin “ a 

and tan id - tan i4> = 2^, 

and 0 and are unequal angles less than SGO'*, prove 
that •= 2ax - (l ~ e^)x^. [ 0. H. 1937. ] 

Sec. D— SYMMETRIC FUNCTIONS OP ROOTS OP 
EQUATIONS 

112. Functions of trigonometrical ratios of angles of the 

type |a + ^ deduced from the expansions 

for sin w0, cos w0, ( Arts. 94 and 95 ) and the expansion for 
tan n0 ( Art. 52 ). 

From Art. 94, we have, if n be odd, 

(2 cos 0)" - w (2 cos j (2 cos 0)^“* - 

n -JL 

+ ( - 1) ® .71.2 cos fl “ 2 cos nO. 
It B has any one of the ti values a, o + ~* •••» a + 

7» 7» 

then, cos n6 has the value cos Tta. 
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Hence, putting a; = 2 cos 0, the equation 

+ 

n-1 

M-2coswa“0 (1) 

has roots 

2 COB a, 2 cos ^ 1» , 2 cos |a + j- 

Similarly, if n bo even, 

^ w(w 3) ^n-4 _ ... 2)3^2 - 2 cos na = 0 ••• (2) 

^ I ^ 

has the roots 

2 cos |a + r = 0, 1, 2,...W“1. 

The expansion of sin nO ( ArL 95 ) gives an equation 
with roots of the same type. 

The expansion of tan nd ( Art. 62 ) gives an equation 
with roots of the typo tan (® + * 

Again, expansion of Art. 96 can also be similarly 
employed to obtain symmetric functions of roots. 

In these equations making a approach zero, equations 
involving functions of rnin can be derived. In such cases 
it is often necessary to use the relation 

r.sinnO T-.sinwd 6 

Lt — — « Jyc — ^ : — r’» = ». 

$^o Sin 6 M nO sin 0 

Ex. 1. Ifnbe even, find the value of 

(i) cos a cos (a + cos 

(ii) seca+sec + 
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Lot a?!, Xa, Xn be the roots of the equation (2) above ; then 

(i) the given exp.^^V aJ* 


{(-l)^-oosno|- 


(ii) the given oxp. = 2 1 ^ ^ 

LX|, Xa 


, ®»b=Q. “COOfi'Ofx 

XiXi Xn constant term 


»2 

const, term 


Ex. 2. If n he oddt find the value of 
(i) tan Q’htan ^a+ •htan •••••* + tan + 

(li) tan ^ tan tan 

n n n 

From Art. 52, if n be odd, 

n~l 

. - w tan 0 — "c, tan*^+ + (--1) a tan"^ 

tan 

l-"Catan®(? + + (-l) ® wtan""^^ 

If 0 has any one of the n values a, o+ ^ » a + 

then tan n0 has the value tan na. 

Hence, putting x=tan 0, we have 

5“1 

(-1) a p;«+ -"CaX^+^X 

— tan no {(-1) a nx"“* + — "caX® + l}=0. ••• (3) 

This equation has n roots, tan ^o+^j’ r^sO, 1, 2, n-L 

(i) Given exp. « sum of all the roots of equation (3) 

^ _oo^. of x*2^^ 
ooeff. of x" " 


n tan no. 
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(ii) From equation (8), we liave 


tan a tan ^a+ ^ Jtan ton factors tan na. 

tan^a+ ^ ^a+^y**tan |tt4-^- 


w-l 

= (-l) a 


tai^a^ 
tan a 


Now, making a approach zero, we got 


, V, 2t . (w— l)ir / tan na 

tan tan —tan ' =(-l) ^ ^ 

n n n ' rt-»>0 tan a 


*»“i 

-(-1) * w. 

r 

118. The evaluation of symmetric functions of the 

trigonometrical ratios of angles —i... for particular 

n n 11 

values of n may be obtained in various ways ; most of them 
ultimately depend on the formation of an equation of which 
the given trigonometrical ratios are the roots. 


Ex. 8. Prove that 

y.. 2 t , 4t , 6t 1 

(I) cos rj +COS rj +COS 7 ® ” 2 ’ 

y..% 2ir 4ir 6ir 1 

(II) cos ^ cos rj cos rj ^ g- * 

If 2nir, where n is zero or any integer, we have 
4tf-2nir-3^. 

cos 40 ss cos 38. • 

By giving to n the values 0, 1, 2, 3, the values of cos 0 obtained 

from this equation are 

- 2ir 4ir ^ 6 t 
cos 0, cos » cos 7 • oos • 

It can be easily seen that no new values of cos 0 are found by ascrib- 
ing to n the TOlnes 4, 6, 6,..., for cos cos ^ ^ et®. 
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Now, cos = 8 cos^tf - 8 coa®5+ 1, 

and cos 3^ >= 4 cos^d — 3 cos 0 

therefore, putting a; =003 ^, the og[uation cos 49 = cos 39 becomes 
8x* - 8aj® + 1 = 4®* - 3®, 
or, 8®*-4®*-8®* + 3®+l=0. 

2ir 4ir 6ir 

Since, cos 0, cos ^ » cos ^ * cos ^ are the roots of the above 
equation 

/•\ A . 2t , 4ir , 6ir 4 

(l) cos O + COS + 00 S ^ +COS 17 = 0 ‘ 

, 2ir . 4ir , 1 

/. COS y + COS ^ +C 08 7 = “ 2 ‘ 


(ii) cos 0 cos rj 

4t 

6*- 

1 

cos yCOS 

7 “ 

8 

2t 

4ir 

6ir 

1 

or, cos 

cos cos 

7 " 

8 


Note. Since the angles ^ir, etc. are in A. P. with the common 
difference the values of the expressions of the type (i) can also 
bo easily obtained by applying the formula for the sum of cosines of 
n angles in A. F. 

114. The symmetric functions of the roots of certain 
types of equations can he best obtained by expressing sine, 
cosine and tangent in terms of tangent of half angles. The 
following example illustrates the method. 

Ex. 4. Prove that the equation 

a® cos*9+b* sin®9+2^a cos 9+2/6 sm 9+c=»0 
has 4 roots and the sum 0 / these roots is qH even multiple of ir. 

0 2 ^ 1 

Let f= tan ^ *, then sin 9 »■ j ; cos 9 = 

Substituting these values in the given equation and simplifying, 
we get 

— 2ga+c)+4/6t* + <*(46* — 2a®+2c)+4/6<+a*+2i7a+c“0. ••• (1) 

This equation has 4 roots, say, fx> <ai Ut 



STMMEIBIC FUNCTIONS 


239 


Now, tan = «0, [ Soe 56. ] 

since, tan tan tan ie^ tan 

®® 2^x “ ^tit^t^ 

‘a^tXaTc 1 1«>“ «!«»«<» ft)] 

= 0 . 

.’. =nir, i.e.t 5x + 6x + 05 + 54 “Smt. 


Note. This is a solution of the well-known geometrical problem 
namely “J/ a cmrrle and an ellipse tntersect %n four poiniSt the sum of 
the eccentric angles of the four points isf^n even multiple of two right 
angles,** 


17- e re COs{d + a) TOS Htt) rOs(^ + a) , i ± 

Er. 5. If '= j, » where no two of the 

^ sm^O sin^tp sm'^f ■' 

angles 5, 0, ^ differ by a multiple of ir, prove that 

(i) tan a = cot 0 + cot ^+cot 

(ii) 6+<ft+\ff=mr. 

Put 5, 0, ^ are value of » which satisfy the 

.. cos (a* + a) , 
equation, ' j '=A:. 

^ sin •‘a; 


Now, 


cos (a;+a)_cos x cos a — sin x sin a 
sin^a " sin*® 


cot X cos a — mn a 
sin^® 


= (cot ® cos o — sin a) cosec*® 

= (cot ® cos a— sin a)(l+cot®®) 

=scot*® cos a— cot*® sin a+cot x cos o— sin a ; 


.*• cot 0, cot 4>, cot are the roots of the cubic in X, namdy, 
X* cos o— X* sin a+X cos a— (sin o+ft)«0. 

Z cot 0 = tan a, 

and Z cot 0 cot 0s 1 ; Z tan 0s tan 0 tan 0 tan 0 ; 
tan (0+0+0)sO ; 0+0+0s9i]r. 
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EXAMPLES XV (d) 


1. Prove that if n be odd 
(i) cot a + cot |a + ^ J 4- cot |a -f + • • -to n terms 

= » cot wa. [ C. H. 1937, ] 

/.V / , 2ji\ / , U “ 1)27i\ 

(iij sec a sec ^ J•••sec |a + ^ j 




sec 


/...V 2 . 2 / .2n\ "-S'/ (w-l)2;i\ 

(ill) sec a + sec |a+ — j+-**+sec |a + j 


= w^sec®wa 


2 . Provo that the values of x which satisfy the equation 

"l)(w-2) 3 ^ 

- 3 “! ^ 

+ ( - - 0 

nteger. 

[ C. H. 1938. ] 


- n(n - 1 ) 2 I wU " l)(w " 2) 3 , 

+ — y-j — x + 


(4r + 1) 

are given by a; — tan — — n, where r is any integer. 


3. Show that the roots of the equation 
a;® + a?* - 4aj® - 3aj® + 3a; + 1 = 0 


are 2 cos|j^* 2 cos^^j^* etc. [ 0. H, 1932. ] 

[ Proceed as in ^x. 3 worked out, ] 

4. If Oi, 92* ^8t roots (which do not differ 

from one another by a multiple of w) of the equation 

a sec + 6 coseo S = c, 
prove that = (2w + 1)». 

Give a geometrical interpretation of the result. 
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B ni_ -j i.-!. i. >ia 4 tan 4(1 - tan*4) 

6. Prom the identity, 44 - ^ _ g 

calculate the four values of 0 which lie between 0 and n 
and conform to the relation tan 40 = 1 ; and make use of the 
above formula to exhibit the four roots of the biquadratic 

+ 4a3® - 6a;® — 4a; + 1 = 0 

. 7t ^ 5n . 9n , ISn 
as tan tan tan ^g» tan • 

6. Prove that 

n . Sti , . 9 ;* 1 

cos ^ j + cos + cos jj + cos + cos 2 • 

[ C. P. 1926. ] 

[ Cmnpare Note of Art. 113 ] 

7. If Xu Xs, x^ be the roots of the equation 

tan (a? + a) “ A? tan 2fl? 

no two of which differ from one another by a multiple of ji, 
prove that a;i +a;3 + a;3 + a is a multiple of n. 

[P.H.1934; C.H. 1940:] 

8« Prove that the equation cos 2x + a cos a; + 6 sin x 
+ c=*0 has in general four solutions Xu ^4 between 

0 and 2n. Prove that a;i + a?# + a^s + iP4 “ 2»;». 

9. Prove that 

cot®a + cot* (® + ^« + ~| + ••• to « terms 

- cot*»a + w(n - 1). [ <?. ff. 1945. ] 

le 
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10. Prove that 


n 3n (2n-l)^ 

tan tan . tan ■ 

4n 4n 4n 


1 . 


11. If Xu a? 2 f a? 3 i are four different values of x which 
satisfy the equation 

a cos + 6 sin 22 ? - c cos a; - d sin a? + c “ 0, 

. , « . he - ad 

then, 5 sin a:i = 2 ~r v2 * 
a +0 


[ The given equation can he put as a biquadratic in sin x, 
sin*x (4a^ + 46*)+5in*aj (^ad—4thc)+ =0. ] 

12. If tan 0, tan 4>, tan v are all different and such that 
tan SO »■ tan 34> *= tan 3v 
then, S tan 0. S cot 0- 0. 

[ satisfy tan Sx^k, /. tan 0^ tan 0, tan ^ are roots of 

V-8a»-3A+A;«0.] 

18. If tan (a - 8) + tan (a - ^) + tan (a - y) * 0 
tanO3-0) + tan (i8“^>) + tan (fi-v) = 0 
tan (y-e)+ tan (y -</>) + tan (V - v) = 0 

where no two of the angles a, y differ by a multiple of n, 
prove that 

tan (d + =» tan (a + + y). 

14. If a* cos a cos i3 + a (sin a + sin iJ) + l = 0 
and a® cos a cos y + a (sin a + sin v) + 1*0, 
prove that a® cos fi cos y + a (sin /? + sin y) + 1 * 0 
and y each being less than n. 
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Sec. E— SOME TBIGONOMETBICAL LIMITS 

115. To prove that 

nine < 6 < tan 6 

where 6 is the circular measure of any positive acute angle. 



Let AOF be a positive acute angle whose radian measure 
is 3, and let QOA be an equal angle on the other side 
of OA. With centre 0 and any radius, a circle is drawn 
cutting OP, OA, OQ at P, A, Q respectively. FQ is joined, 
cutting OA at N. The triangles OFN and OQN are easily 
seen to be congruent, so that FN=QN and FNQ is 
perpendicular to OA. The tangent FT to the circle at P 
cutting OA at T, A.OFT is a right angle. TQ being joined, 
the triangles OFT and OQT are easily proved to be congru- 
ent, so that TF = TQ. 


The figure is thus symmetrical about OA. 
Then, from the figure, 


sin 6 


FN IFQ 

of’" 2 of 


a _ arc FA _ 1 arc FAQ 


tan 9 


I PT-hQT 
2 OP 
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Now we may take it as axiomatic that the straight line 
PQ is less than the curved arc PAQ^ and that the curved 
arc PAQ which always bends the same way, being within 
the triangle PTQ^ is less than PT + QT, 

Hence, since PQ < arc PAQ < PT+ QT, 
we have, on dividing throughout by 3 OP 
sin B < 6 < tan B. 

Alternative method : 

Let ABC be a circle whose centre is 0 and radius is r. 



Let AOB = B radians. 

Draw BT the tangent at B to meet OA produced at T ; 
then PP“r tan B. 

We know that if the angle (if a sector of a circle of 
radius r is 0 radians, its area~ir^0. 

Now from the figure it is obvious that 

AQAB < sector OAB < AOBT 
Jr* sin B < Jr*S < Jr.r tan B, 
i.e„ sin 0 < d < tan d. 



TBIGONOMBTBIOAL LIMITS 


245 


116, To prove that 

Ltslai.i 

^->0 S 

Lt cosG-1 

^•*>0 

•Dd 

$•^0 6 

Since, sin 0 < 0 < tan B, we get, on dividing by sin B, 

1 < ^ < — — 
sin B cos B 

This is true, however small B may be, provided it is 
positive. When B becomes infthitely small, OP and ON 
practically come into coincidence, so that 

cos B “ ultimately becomes 1. 

Hence, Lt cos 6 = 1. 

In that case - - - also tends to the value 1. But -t 

cos B sin B 

always lies between 1 and -» which ultimately come into 

coincidence, and so -r ^ also ultimately coincides with 1. 
sin 6 

Thus, - - 1 in the limit. 

Cr 

Again, from sin 6 < 6 < tan 6, 

0 

we get by dividing by tan B, cos B < : — 2 ^ ^ 

tan u 

0 

and as 6 0, cos 6 1 and always lying between 

0 

cos B and 1 which come into coincidence, *= 1 in the 
limit and so Lf 


1. Hence the results. 
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Note 1. The above rdations also hold good when B is negative 
and 0. For writing 0^ is positive and 0. 


Thus 


tf ->0 0 4 » 


1, eto. 


Note 2. The above relations are often expressed loosely but 
conveniently, by saying that, when 0 is a very small angle we oan take 
sin d«=^»tan 0 and oos But it should be remembered that the 

statement is only approximately true, the error beodming less and less 
as 0 grows smaller and smaller. For instance, 

5** = '08725 radians ; and from the tables we get 
sin 6" ='08716 and tan 5® = '08749. 


Note 8. It should be carefully noted that the above relations hold 
good when and only when the angle is expressed in radian measure ; 
but if any other system of measurement is used, the results require 
modification, as shown in Ex. 1 below. 


Ex. 1. Find the value of ^ ^ V 

Let ^ b^ the number of radians in a;^ then 

- • . . a;= also sm a; = sm 0, 

180 T T 

. sin a* T sin 0 jr sin 0 
a “ 180^ “180* 0 

Now, when a 0, ^ also tends to zero. 

’ ‘ \ X ) 180 \ ^ 4 


Ex 2. Fwd to 6 places of decimals the values of sin without the 


use of tables. 

Since zafiians which is small, 

sin 2®*sm^»^ approximatdy,*— •'09491. 
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Ex. 8. If 0 be the nv/mher of radians in an acute angle^ show that 
cos 0 > 1 — and sin 0 > 0—\0*, 


Since, cos 0*1— 2 sin® i0 and sin }0 < i0, 

/. cos 0 > l-2.(id)®, i.e^t > 1--J0*. 

Again, sin 0*2 sin i0 008*^0*2 tan $0 cos® }0. 

sin 0 > 2.J0.CO8® J0 [ *.* tan i0 > J0 ] 

> 0(1 -sin® is) 

>0{l-(i0)®} [•.* smi0 < J0] 

> 0-i0». ^ 

Ex. 4. Show that continually diminishes from ^ 

continually increases from 0 to 


Let X denote the radian measure of a small positive angle, 
sin 0 ^ sin (0+x) 

if (0+x) sin 0 > 0 (sin 0 cos x+cos 0 sin a;), 
t,e,, if 0 sin 0 (1-oos x) + (x sin 0-0 cos 0 sin x) is positive. 

Now, 1 — cos X is positive. 

Again, since tan 0 > 0, .*. sin 0 > 0 cos 0 

and since x is an acute angle, .*. a; > sin x. 

0 sin 0 > 0 cos 0 sin x. 

mt- /^\ • j Bin 0 ^ sin (0+x) 

Thus (1) IB positive, and so, — - > 


.. ( 1 ) 


sin 0 


continually diminishes as 0 continually increases. 




Hence, the proposition. 
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117. To prove that 


(i) Lefc u denote the given expression. 

Since, cos ^ -fl-sin® * 
w \ n 

log »- |log|l-sm*^® j 

ft B 

“ - log (l-rr), putting x^sin® - 
ji n 

n log(l-".r) 


X 

2 X 


When n’^oo — and hence sin* — >0 and it is known 
n n 


from Algebra that Lt - 1. 

oj-^O X 

Zrnog w = I - 2 a?J * Zr^ 2 sin* ^ " 0 * 


[since, U 2 sin’ J ^ 

i.e.t the limit of the given expression is 1. 
(ii) By Art. 113, 


, a ^0 $ 

sin - < — < tan - 
n n n 
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Now, dividing throughout by sin - * and raising all the 

w 

quantities to the nth power, and then taking their recipro- 
cals, it follows that 


( . 0 • 

t)" 


between 1 and 


(cos®-)” 


But by (i), Lt (cos ^ j =1. 

Hence, the limit of the given expression is 1. 


EXAMPLES XV(e) 


1 . 

2. 

8 . 

4 . 


Show that Lt n sin - 

n->oo n 

sin 00 


* Lt n tan = 0. 
n->oo n 


Show that Lt . 

0 ->o sm 00 0 ->o tan o0 h 


Show that Lt 
Show that Lt 

a ^^0 


( tan x*\ ji_ 

X I * 180‘ 

( sin x'\ r* /tan x\ 

X * -) 


n 

' 10800* 


6. Show that sin (cos 0) < cos (sin 0) where 0 is a 
positive acute angle. [ 0. H, 1939, ] 

X 


6. 

7 . 

8 . 

9 . 


Show that — • if 0 < a? < Jn. 

X sin X 

Show that 2(1 - cos a?) > a? sin af, if 0 < a < n. 


Show that 


sinh x\ 


sm X 


Prove that 0 > if 0 < 0 < in. 

2 + cos 0 


10 . If a lies between 0 and in, show that as 0 increases 
from 0 to a, the expression a sin 0 - 0 sin a first continually 
increases and then continnually decreases. [ 0. H. 194L ] 



APPENDIX 

A SHORT NOTE ON THE CONVERGENCY OF INFINITE 
SERIES AND PRODUCTS 


1. Series of real terms. 

Consider the infinite series + + Ww + •'• 

of which the terms are all rShl, 

Let +Un. 

If Sn tends to a definite finite limit S, as 7i tends to 
then the series is said to be convergent and S is called the 
sum of the series. 

Let ns consider the infinite series 

1+1 ^ 2^“ infinity. — (l) 

Here, Sn = l+ g + 2 ^» 2 ““^ 



Lt Sn = 2, which is finite. 

n-w» 


The above series is convergent, having 2 for its sum. 
If Sn tends to + or - » , w tends to infinity, the 
series is said to be divergent. 


Let us consider the series 

l + 2 + 2* + 2* + — +to ». — •" (2) 

Here, S. - 1 + 2 + 2* + — + 2""*- 
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Lt S»=«». 

p W-^OO 

/. the above series is divergent. 

A series (consisting of positive and negative terms) which 
is convergent and would remain convergent when all the 
terms are taken positively is said to be an absolutely eonvergent 
series, and the series which is originally convergent but 
becomes divergent when all the terms are taken positively 
is said to be a semi-convergent series. 

The most important characteristic property of a semi- 
convergent series is that a derangement of the order of the 
terms affects the sum of the serj^s, whereas in an absolutely 
convergent series it is not so. 

Let us consider the series 

1- I ® 

Here. i[l 2^ 

Lt Sn=S. 

nrW 


the above series is convergent. 


Further, since, the series 


1 + 


1 

2 



to ~ 


is also convergent, as proved above. 


the series (d) is absolutely convergent^ and it can be 
shown that any derangement of the order of the terms 
leaves the series convergent, and its sum unaffected. 


Now let us consider the series 

+ + to®®. ••• (4) 

Since, log* (l + a?) ias* + iaj* + ••• for a? < 1, 
.*. putting a? = l, weget* 
log*2-l-4 + i-l + 


to «». 
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Thus, the series (4) is convergent. 

Now, let us examine the series 

l*-i + i + i + to ». — (5) 

That this series is divergent can be shown as follows : 

Here, > 2.i or i 

^^6 + ^6 + ^^7 + ^8 > 4.| or i 

Ug + + > 8.tV or i etc. 

/. Sn^ 1 + J + J + i + to w + 1 terms say, where 

m depends upon n and increases with n 
Sn > 1 + 

.*. Lt Sn-^. 

n“>oo 

the series (5) is divergent. 

Here no derangement of the order of the terms in the 
series (4) is allowed, for it can be shown that the sum will 
be altered thereby. 

This is illustrated in the following example. 

We have, 

log« 2 = 1 + + ••••*• to 

«l + i-2.i + i + i-2.i + i + - 
“'(l + 4 + 4 + i + ---)"“(l + 4 + i + i + *'") 

■■ 0, which is absurd. 

It is not always very convenient to find Sn ti.s., the sum 
up to n terms) of an infinite seridi and then to find the limit 
of Sn in order to ascertain the convergence of a series ; so 
various methods have been divised to test the convergency 
of infinite series without obtaining Sn. 

The notation | | is used to denote the absolute value 

of the term Ur (i.e., the positive value of the rth term irres* 
pective of the + or - sign before it). Thus, if | 1 is 

convergent, Sun is said to be absolutely convergent. 
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A series which is neither convergent nor divergent, is 
said to be oscillatory ; 1 — 1 + 1 — 1 + 1 — 1 + 

2. Ratio Test. 


The first simplest test used to determine the convergenoy 
of an infinite series is the Batio Test. 

The test" is : — 


If Lt 

n->oo 


Un±^ 

Un 


< 1, the series is absolutely convergent 


> 1, the series is divergent 
= 1, the test fails, and other tests must be 
adopted, c 


3. Series of Complex terms. 

Consider the infinite series + 5f2 + + + 

of which the terms Zi, complex, and let 

Zr-Xr + iyr$ where Xr and Vr are real. 

The series Szn is said to be eoDvergent, if the two series 
of real terms Sxn and ^Vn are both convergent, and if SXn 
and Syn converge respectively to the values x and y, then 
Szn, S{xn + iyn) Converges to the value x + iy, and in that 
case, X + iy is said to be the sam of the series Szn. Szn is 
said to be absolntely convergent, if Sxn and Syn are both 
absolutely convergent. 


4. The Power series. 

If the power series SanZ^ (where a is real) is absolutely 
convergent for any particular value of the modulus of z, say 
r, then it is absolutely convergent for all values of mod. {z)r 
such that mod. (s) < r. 

If a power series is convergent for all values of z such 
that mod. (s) < r and is not convergent for any value of z 
such that mod. (s) > r, then the circle with centre at the 
origin and of radius r is ctilled the circle of cenvergencc, and 
r, the radios of convergence. 


*For proof see any Tart book of Hi|^ Algebra, 
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Thus, a series is absolutely convergent for all points 
inside the circle of convergence, and is divergent for all 
points outside it ; but on the circumference of the circle of 
convergence, the series may converge either absolutely or 
conditionally, oscillate, or diverge. 

The radius of convergence may be finite, zero, or infinite. 

5. Infinite Product. 

Let a?!, ^ 2 , iTn... be a sequence of quantities formed 

according to some law, and let Fn denote the product of first 
n of these quantities, so that 

Pn = a?ia;2...a;n. » 

If Fn tends to some finite limit F (different from zero) 
as n tends to ^ , then the infinite product is said to be 
convergent and P is said to be the limit or the limiting value 
of the infinite product. In other cases, the product is said 
to be divergent. 

The following theorem is of great help in determining 
the convergence of infinite products : 

“If the terms of Siin become ultimately infinitely small 
and have ultimately the same sign, then 

II (1 + Un), i.e., (l + + UsKl + Us) 

is absolutely convergent US \tin \ is convergent”. 

If it so happens that Il{l+Un) is convergent {i.e,, tends to 
a finite limit), whilst the series S \un \ is divergent, then 
the infinite product is said to be semi-convergent. A semi- 
convergent product has the property similar to that of a 
semi-convergent series, viz,, that a derangement of the order 
of the factors affects the value ofithe product. 

6. Convergency of some well-known Series and 
Products. 

(1) Exponential series. 

(i) When x is real. 
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Here, 

Lt 

^n±± 

••Lt 





nn 


|n |w“l 

n 


= 0, for all values of x. 

Hence, the series (l) is absolutely convergent for all real 
values of aj ; 

(ii) when x is complex, then also the series (l) is 
absolutely convergent. 

(9 Logarlthmie series. 

(i) When x is real, 

log(l + a:) = a!-®-+‘^ - 

« + l 

I X I 

n 

Hence the series is absolutely convergent when | a; | < 1, 
*. 0 ., - 1< a? < 1. 


Here, Lt 


Un 


When ® = I, 

the series hecomes 1 - i + i - •••, and is semi-eowvergenU 
(ii) When x is complex, 

the sories is convergent provided mod. (x) < 1 and also in 
the case of mod. (x) - 1 except when amp. (x) - (2n + l)n. 

(8) sine and cosine series. 

(i) When x is real, 

. X , X 

8m*-«-3, + 6,- 


OOSiB’ 


^ 21 41 
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For the sine series, 

|2n+l 2w-l 

" 2;i(Sti) “ *• 

Hence, the series for sin x is absolutely convergent for all 
values of x. 

Similarly, it can be shown that the series for cos x is 
absolutely convergent for all values of x. 

(ii) When x is complex^ 

then also the series for sin x and cos x are absolutely con- 
vergent 

Note. The method of proof employed in establishing the expan* 
sions of sin a and cos a as given in Arts. 53 and 54 tacitly assumes 
that /or all values of r, the limiting value of the expression 

. o** 

r I r 1 

when B is indefinitely diminished. 

Now the question arises, can we safely assume the above result 
without further proof, when r becomes indefinitely large ? (For when 
n becomes indefinitely large, the number of terms and hence the 
number of factors in the numerator of the above expression and conse- 
quently r becomes indefinitely large). For a complete rigorous proof 
of the limiting value of the above expression, Art. 99 of Hobson's I*lane 
Trigonometry can be consulted, /tso see Art. 7, page 258« 

(4) ainh and cosh serieit. 

+ + 

corfia:-l + ®’ + f-' + f^+ 


Lt 




•~Lt 
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(i) When x is real, 
for the sinh series, 

X X 

\2n-l 

“ 2»(2» + l) “ "■• 

Hence, the series for sinh x is absolutely convenient for 
all values of x. 

Similarly, it can he shown that the series for cosh x is 
absolutely convenjent for all values of x. 

(ii) When x is complex, 

then also the series for sinh x and cosh x are absolutely 
convergent. 


Lt-^ 
I Un 


‘Lt 


(5) Gregory’s series. 

0 = tan d-^i tan®0 + i tan®0 ■ 

(-ir tan^’^^^e 



-^Lt 

1 Un 



2n + l 


(0 being real) 
271-1 I 


^.2w-l, 2« 

“ tan 0 

2w+ 1 

= tan®0. 


Hence, the series is convergent for all values of 0 for 
which tan*0 < 1, i,e,, — 1 < tan 0 < + 1, 

i,e„ nn- ^<0<w;r+ t* 

4 4 

The series is also convergent when tan^0 is equal to 1, 

•’ JI 

i.e,, when tan 0* ± 1, i,e., when 0=»n«± ^ • 


17 
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(6) sin 0 and cos $ as infinite products. 

We have sin 0 = e IT |l - — — (l) 

and 

The infinite product (l) is absolutely convergent, since, 
the series 

I X. 1 . 1 

2? - 3 2 or 2 • 2» 2 IB convergent. 

T 7t \ n T 

The infinite product (2) is also absolutely convergent, 
since the series 

^ 4(9* ' 40* , 1 . , 

^(2r-l)VI “ 

Each quadratic factor in the products (l) and (2) may be 
resolved into linear factors in 0 ; thus, 

,m<l-9(l+|)(l-*)(l+*J(l-^) (3) 

— w 

The products in the forms (3) and (4) are semi-convcroeni 
because the series 2 ^ and S - are divergent, 

(7) sinh X and cosh x as infinite products. 

Since, sinh x^x IT 

and cosh a: - Jl[l + 

it follows from the previous paragraph that the infinite 
products for sinh x and cosh x are absolutely convergent. 
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7. An alternative proof for the expansion of 
cos 6 and sin 6 . 

By writing 0/m and m in place of 0 and n in (l) of 
Art. 51, we get after a little re-arrangement 


. ,„0L l-l/m.aL 0 /0\* 

cos0 = cos -fl- rt •' 6 |tan - / - ) 

«i I 2 ! \ »»/ »»/ 

(1 - l/»»)(i - 2/m)(l - 3/«j)g4 A ^ 0 - 

4 ! \ ml ml 

j 


•} ( 1 ) 


‘ COS ' 


say 


( 2 ) 


Hence, so long as r is finifce, 
we have Lt 

mr^oo Vf^T 


(2r+l)(2r + 2)‘ 


(3) 


If therefore we take 2r+l>3, [strictly speaking if 
0 < ay{(2r + l)(2r + 2)}], then by taking m (which is a 
positive integer here) large enough, we can always secure 
that on and after the term u^r, the numerical value of the 
convergency-ratio of the series (l) shall be less than 1. 


Hence it follows that if 2r + 1 > 0, and m be only taken 
large enough, the value of cos 0 will lie between 

cos”*— {l - ^ 2 +7^4 - +(“I)^«^3r} (4) 


and cos”* — - U^r + ( - War+ 2 K 

m 

(5) 

■ Therefore cos 6 will always He between the Hmits of (4) 
and (5) as »»-»<» . 

Now, Lt co8"*(e/j») = 1 [ See Art. 117] -, Ltu, «fl*/2 I ; 

Lt W4 =0*/4 1 Lt «fa, = e*7(2r) I 

Lt M,r+, = 0*'+V(2r + 2)l 
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Thus COB 0 lies between 


1 - +- 

^ 21 4! 

^" 21 ^ 2 !" 


A2r 


( 6 ) 




In other words, provided 2r + 1 > 0, 




whereB<e®’'+®/(2r + 2)! 

^ar+2 

Since Lt + 2) ! " ultimately 

cos 0 *“ 1 - ^ - to 00 . 

2 ! 4 ! 


Similarly, the expansion of sin 6 can be obtained. 

Note. That cos B lies between the series (6) and (7) can also easily 
be shown by considering the signs of the successive derived functions 
[ See Ex. 20{a)f Examples IV (c), Author DtfferenHal Calculus. ] 



ANSWERS 
Examples I 


!• (*) ('i) 2jw or 2*iir±3ir. (6) «ir+(— l)*^- (c) 2nT or 2nT— g • 

(ii) «T± I • (Hi) or (W) 2«x- J . (v) Y+(-l)*ro' 

(vi) • (vii) 2nir±^ or nr± 

(viii) nr or ”^+ ' • (ix) ' (»i+ ^ j • 

(x) 2nir± 2 * 4n^±7r, g iiTT ; the fi^st two answers can be put'^in 


the forms (2k+l) ^ and (2/c+ l)ir. 




m±M‘ *= 2“’’“ 

(xiv) Jnx. (xv) Jnir+o. 

(xvi) aj + 7 y= n7r+ (— l)" g and a*— ?y«2wTr± ^ • 

(xvii) ff = rir+ ^ | 


Sft*(2H-rV+ g 


0=(2n--r)ir- ^ 


rt /.X IT Ttt 17ir 23ir 

12’12’T2’ 12- 


/... IT 3t 7t Ott 
<"> 5’ -6’ 5’ 6- 


3. nir+ — and Mir+'^; they can also bo put in the form (2/:+l) ^ • 


6. (i) (2/c+l)iror^^_;[^j*+,- (ii) nir+^,nir+ ^ -a-/3. 
(iii) njT + J it ; 2nir +a+b±c, (iv) nir or nir+ (a+ 6 4 c).* 

7. a;=£i + 2nflr±^» y«a — 2nTT^« 

10. nT+(-ll*Bin-> » <»'» ws~r 

sin 7 

11. (i) a5«»WT, 2/=nir ; a;**mir+jT, y^mr+Jir. 

(ii) n)ir+ J it, y"*(m+n)ir+lT, 



262 


HIGHER TRIGONOMETRY 


12. aj=2nir±i»r, jy=*2wT±^ir or aj«2wT±Sjr, ?y = 2/wir± Jir ; 
and a*=fcflp+jT. 

18. ®=nir+ J(a+6+c) or nir~ J(a+5+c) + tan"^ T+f^slfa' 
14. d * mir ± Itt, 0 = wir ± Jir (only like signs being paired). 


Examples II 

1. (i) 2Twr± ^ • (ii) (8n+ 5 ) ^ and (8n+7) ^ • 

4. 2 sin iA= ^i+lia J+ ^l-sinA. 10. ± 

Examples III 

20. (i) («) -1 or 1. (iii) 0 , + J. 

(iv) ±1, ±1± ./2. (vi)O. 

(vii) a;=4, !/=l. (viii) ± ^sinT^o. (ix) J(6± ^/6). 

(x) X is given by the equation 

sp*-“X* (db +ac"h ad + 6c + + cd) + dbed “ 0. 

(xi) 4. 

21. When a;=l, y=2, and when ®=2, iy = 7. 28. (ii) sin - ![. 

25. nir+(-l)*+"g* (2n+A;)v± y* n?r+(-l)*|- 

28. {x + «)(1 — jy*) = 2v (1 — xz), 29. tan 6 = 0, ±1,-2. 32. kv — 2®, 

38. ®=J(3+ ^/I7), jy=4(-3± n/I^. 85. No value. 


1 . + y + 

y y e 


2 ^ 

X 


Examples lV(a) 


Examples lV(b) 

28 . l,j+(_i)-|; 

0 .-g(l+(-ir* 2 ^.) + (-l)«^. 
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Miscellaneous Examples I 

1. (2m + 1)2 or (2n+l)^ or(2w + l)g* 2. 7wir+^> (2/:— 7n)ir— ^ • 
8. ?^«■+ I » nff + ( — 1)" g • 

4. 2»it+o and nir — o+( — 1)""* sin** (sin a cos a). 

6. J(»nr— o— /3). 6. J{nT+ Jir — (a+6+c)}. 7. 


8. (2« + l) 


8 


9. 9=oos“* ( a) ;0=cos"*( ^ ) 
\m-P ! ^~pf 


20. (i) 


n 6 




(ii) ±i. 


8. (i) -1. (ii) 


Examples VI 

8iali(a^ — b’)_ («+/3a!)(7+8r) + /3*v”+iv ( i8y— oJ)_ 


(a’ + 6 ’')“ 


( 7 +«a!)» + *»!y’ 


Examples VII 

«(t’+T)' 109- i cos 109. 2. (ii) I (a 6 +^y : | + 

6. aj®-2r cos w^+l=0. 8. 2“+' Bm"“ 2 ^cos ” (T+tt+/3). 

10. (i) 2 ^^|co 8 ^ ^2wir+ + » sin ^ ^2nir+ |J|» n=»0, 1, 2, 3, 4, 5, 6. 

(ii) 2'^®|cos^ |2wir+ ^j + isin g ^2nir+ n = 0, 1, 2, 3, 4. 

(iii) cos (4n+3) sin (4n+3) n*»0, 1, 2, 3, 4, 5. 

(iv) cos +i sin^ » r=0, 1, 2, 3, 4. 

12. (i) -1, COB g ±i sin ± ^cosj±i sin j j* 

(ii) cos~^ +i sin^^» r “1, 2, 3, 4, 5, 6. 

18. 2^008 n**0, 1, 2. 



264 


HIGHEB TBIGONOMETBY 


16. (i) cos ^~+i sin-^’^ (n=0, 1, 2, 8, 4, 6, 6). 

sin ((n+l) I 

23. \ 


Examplea VIll 

1-|*- (l + l)+**‘'[* (1 + 4) -^gf (l + 4*) + ?g*- (1+4’)- 

.... ir2“a!* 2«a!‘ 2‘’a‘ 1- 

<") 2r2r-^r+ ^ “-J’ 

^ 4 -f,{ 3 * + 3 )+f,( 3 * + 3 )--} 

а. 

4. (ii) 0*0523. 5. (iv) 3®49' approximately. 

б. (i) 16 sin*® - 20 sin*® +5 sin ®. 

(ii) 16 cos®^-20 cos*^+5 cos 9. 

10. (i) J. (ii) i. (iii) 0. (iv) 24. 

11. t«-21i* + 364*-7=0, where ^==tan 

17. iBin(j + l)- 19. + 


Examples IX 

7. (i) {cos (log T) + i sin (log ir)>f (ii) l+(2n.+ l)iri. 

(iii) cosa.-| + + i sin o. ^ 

(it) g- log J («** +«"®*-2 cob 33)+itsa'' |cot 

(v) e [cob {i log («* + y^)i+ i sin {i log (a® + !/*)}]• 

(vi) x+i(y+2nr). 
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15. (ii) (2»+i)7r j^g 2+(2n+ JM+i sin {J log 2+(2n+ J)ir>]. 
17. (i) aj=2nir±i log (c+ 

(ii) 0-2fir+i log fa” **-+*»“'* * • 

Examples X 

7. (i) sin ir+l sin*a;+i 8in®a;+ — 

(ii) - J tan*a;+i tan'*aj-J tan‘*a5+*‘' 

8. (ii) (,itan-‘^) + sin (nUn-‘")j. 

»• (l + a)}’'’’ 

17. (i) 2 tan- * i. (ii) 1 - y. 18. J log } t ® - J tan" *x. 

1 ~a; 

22. (i) log J Hj(a^ + h^) + cos 2 (/• - a) - J cos 4 (a; - a) 

+ J cos 6 (a;- a) — , where tan b« ^ • 

a 

(ii) -log 2 -sin 2aj+Jcos 4a;+isin 6aj-Jcos 8®-J sin 


sin (a+^Q \ 

1. (i) _i 2__j^ 


Examples XI 


(ii) 0. 


2n 




am ' 


a + TT 


. 1 / .sin 4na \ 

2V*+2 8in2j- 


ij 

Bin 

sin ^ sin 1 


‘1 

-“J 




(Ti) ~ 


n hi , wt 3(w+l) . Swa 

am 2 «s>a2 '2 “ 2' 


amgo 


. 3 
am 2 « 


/ ..« 1 r« 4 co8(«+l)a ainna , ooa2(n+l)aain2nal 

(Ti.)g|8»- + — 'itoii ]• 
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(\riii) I [cos 2fl-ooB 2*+*flJ* (ix) Is” s™ o-sin 3"tt | • 

W I (“+!• +!)«+» sin paj • 

(xi) 2(cos2“.j-ooa4oj- 

(xii) I cos 9+ I cos (2«+l)9. 

2 ‘“m Jl2!SrV’"“ {2j+i(»-l)(2^+’f)l- 

(xiv) ^ • a\n sin i (n+ 3)5 + sin J (n - 1)5 J 

1 sin J (372 + 5)5 . 3w5 


4 sin 1 5 2 


M sin^22af . 21 + 1 . ?2 + l 1 

iinVr“ 4- "4 “/• 


« /.V Sm JWO 27 + 1 

3. (i) -V— \ ^ sin rt o. 
^ sin 2 

(iii) Jn( 2 i+ 1 ). 


/..X sin 227a 
(“>2sm«- 

(iv) 4{(2n)’-2n}. 


4,'.(i) T-r — {(»+l) sm 2a — sin 2(n+l)o}. 
4 sm A 


(ii) j2l(2l+l)(2l + 2). 


6. ^ (cos a + t sin a), for cases namely, a; = cos sin 
2 ' " ’ 71 21 


7. (i) ± 




/..X 4 sm a 

(ll) K .1 
'5-4 cos o 


cot 5 

(iii) e cos (1 + 5). 




is/2 cos }5 


(vi) sin (a+aj sin /3). 


(^) (i-«- «)• 

' (ix) sin 5 cos 5+5. (x) j5._ (xi) 0. 

(xii) e®®" ® cos (sin se). (xiii) J log (l + 2c cos a + c*). 


(xiv) i log 


Vl + 2m cos 2a + m* 
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M r sin X 
l+2ir cos af+T*** 

(i) cot 0 — 2* cot iJ^o. 


(xvi) Jr-a:. 

(ii) -(cot ^-cot (n+l)tfK 


(iii) ^ {tan (i? + l)o - tan o}. (iv) tan" ‘ ” -• 


2+w 


. n|8 


(v) tan"‘ 


n+1 


N/2 8in7 , , . 

(vi)_:__sin[„+”2 p+l]- 


sin 2 ^ 


(yii) tan- 


(viii) tan"* 


n+1 


(ix) 


(n+1) cos v0 — n cos (n+l)d — 1^ 
2(1 — cos 9) 


(x) J \ cos ar. ll + 2 cos 2a;>+ ^ \ cos ^ *1 

' ' 4 L sin Jx 2 I J Bin f » 2 J 

(xi) cos — sin 9 cot 2"^. 

t 0- 2 »-i -2 cot 2r : ^ -2 cot 2®. 

2n-l 


11. cot « tan (n+1)®— (rt+1) ; 


12 . 


sin Jfl 


18. 16 COB* 9 - 12 cos*^ + 1. 


Examples XII 

S. (i) cosh X cos 2/+i sinh x sin y, 

sinh 2x+i sin 2y^ /...x « cos x cosh v+i sin x sinh v, 

cosh 2x+cos 2jf/ ^ cos 2x+cosh 2y 

(iv) (a) x+«y where x=»cos"^ (^/sin 9), 

and ^»log [ ^sin $+ ^i+sin 9 ]> 

(6) J + ^log JtJn tf’ 4 
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(v) wr+(-l)“siii“^ i;+(-l)" ilog (i4+ 

where u^i ij(x-'iy-hy*t 

and v = jAy(a;+l)’* + ^'*“Jis/(»— 

(vi) 2nir±{oos“^ u-tlog(t*+ 

whore u=i J{x-hiy + y^ + i J(x-iy + y\ 

and V = J ^(a; + 1) ' + 7/** “ J ^/(j; - 1) -* + jy ■* . 

(vii) »-^(0+2n7r) [-^^3 ^ logr+a(0 + 2nT)} 

+ 1 sin {p log 7 + a(0 + 2wir)}], 


where r® + sin^d, 

and 0 = tan“^ tan ^). 

(viii) — J log (sin®aj+sinh®y)“ I tan” ‘ (cot x tanh y). 

sinh (a; + ^ ~\)sinh cosh (a;+^<j”^3y)sinh 

12. (i) i 2.. (ii) 1 

einh ^ smh ^ 


(iii) J». (iv) * cosh (sinh a). (v) tanh“*w£c. 

f .X 1 sinh 271X . , n . . / '.x ^ , Binh inx 

2 Sinh 2« (2n+l)* - sinh (yii) ^ 

(viii) J oosech®J^ {n sinh i$ sinh (n +5)0- sinh® 


/.X l-fljoosh0 
' ' l-2ajcosh0 + ®"* 

13. (i) ®=1 or 6. 


(ii) ®=2nir, ±log 2. 


16. J. 


MiBcellaneous Ex^ples II 

7. a=5, 6»25; 8. 2nWr®. 

18. 2 cosec 2® sin nx sec (n+ 1)®. 

1 9. cot X [cot X -not (n + 1)®] - n. 20. coseo® 0 - oosec® (2"0)* 

21. 1-2 sin* * log(2 sin|.) -5^"? sin x. 

22. «•*“* 


cos (sin X tan ®) - 1, 
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• ! 2r+l \ 
sin |a Tj 

24. The roots are given by - *' 2^4.^ whore r has all the 

sin -r — T 
2n 

integral values from 0 to n - 1. 


Examples Xlll 


2. Put in the expansion of Art. 91. 

no o 1 w(n4-l). a- .«(w+l)(w+2)(n+3) 4 

11. oos"tf cosw^ = l- ' , 'tan*fl+ ' aT 

21 4 ! 


cos"^ sin 116 = 11 tan tan’0+"« 


12 . 


1+56- 


250“ 

'2 


13. 


1 + x 


sin 20 
sm 0 


+ x^ 


sin 30 a sin 40 
sin 0 ® sm 0 *** 


14. sc sin 0 + }flj“ sin 20 + Joj® sin 30+«*‘ 

15. — 2[x cos 0 + i®“ cos 20+ Jaj’^cos 30+*-']* 


Examples XV(b) 

(ii) J- 

(“*>3^.1- 

2 . (i) 2 s/^. (ii) 6. 

(iii) 3 is/3. (iy) J3. 

(v) 1. (vi) 1. 

(vii) i. 

2. 



1-.- vtr/-\ 

1 . (i) 

(ii) a®'{(®+6)® + 3/®}=(a;^+?/*-6®)’. 

(iii) {,x+%vY = xy*(x+2y). 

(iv) rt*+6* = l+6*-6». 

(v) (a!+y)®+(a!-y)^=Q. 

(vi) (®®+y® + 2ar)®“4a® (®* 2 /*). 

(vii) »^+y^=4®. 

(viii) 

(ix) 
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(xi) 



3. (i) a’ + »* = a” + 6*. («) (<»& “ «)(«* + *>*) - 2“^'- 

7. 8. a(3+86-2a«) = f. 

10. (»* + 5’ + c’-3rtbc=0. 

11. (i) ab = (b - a) tan o. (ii) (y - a)(y - b) = y* (* - a)(a - b). 
18. cos’‘o+ooa*j9+co8®'y+2 cos a cos /3 cos 7=1- 

14. (a*+b’)(a'‘ + b*-4)+c'' + d* = 2c (rt’'-b’) + 4ab5. 










